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Abstract: Quasitoric manifolds, introduced by M. Davis and T. Januskiewicz in 1991, 
are topological generalizations of smooth complex projective spaces. In 1992, Banchoff 
and Kiihnel constructed a 10-vertex equilibrium triangulations of CP 2 . We generalize this 
construction for quasitoric manifolds and construct some equilibrium triangulations of 4- 
dimensional quasitoric manifolds. In some cases, our constructions give vertex minimal 
equilibrium triangulations. 

1 Introduction 

Quasitoric manifolds were introduced by Davis and Januskiewicz in their pioneering paper 
|DJ91] . These are topological generalizations of nonsingular complex projective spaces. In 
toric topology, action of the compact torus T n on smooth oriented manifolds with nice prop¬ 
erties produce bridges between topology and combinatorics. The moment map for Hamil¬ 
tonian action of compact torus on symplectic manifolds is such an example, see [Aud04) . 
The complex projective space CP n with standard T n action is a quasitoric manifold over an 
n-simplex. Many topological properties of quasitoric manifolds have been studied last 20 
years. 

Triangulations of polytopes and manifolds have been studying for many years [Lee971 
IRG001 ICai611 IAlt741 ILut05l IBD081 IDat07] . There is a 7-vertex unique vertex minimal trian¬ 
gulation of the torus T 2 . Starting with this triangulation Banchoff and Kiihnel I3K92] con¬ 
structed a 10-vertex equilibrium triangulation of CP 2 . The goal of this article is to introduce 
the notion of equilibrium triangulation for quasitoric manifolds and to study combinatorial 
properties, especially equilibrium triangulations, of 4-dimensional quasitoric manifolds which 
include nonsingular projective surfaces. At this point we do not know if every quasitoric 
manifold has an equilibrium triangulation. 

The article is organized as follows. In Section El we recall the basic definitions of qua¬ 
sitoric manifolds, triangulations of manifolds and lens spaces. With the minimal 7-vertex 
triangulation of T 2 , we have constructed countably many triangulations of S 3 , MP 3 , L( 3,1), 
L(4,1), L( 5,2) and L( 7,2) in Section El Number of vertices of this triangulations are given 
in the same section. In Section |4] we introduce the definition of equilibrium triangulation for 
quasitoric manifolds. We present equilibrium triangulations of some nonsingular projective 
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surfaces and 4-dimensional quasitoric manifolds in Sections [5} [6] and [71 In some cases we 
found vertex minimal equilibrium triangulations. 

2 Preliminaries 

2.1 Quasitoric manifolds and nonsingular projective spaces 

In this subsection we recall the definition of quasitoric manifolds, the equivariant classifi¬ 
cation of quasitoric manifolds and a relation between quasitoric manifolds and nonsingular 
projective spaces. 

An n-dimensional simple polytope in M n is a convex polytope where exactly n bounding 
hyperplanes meet at each vertex. So, an n-polytope P in M n is simple if and only if each 
vertex of P is in exactly n facets (codimension one faces). Therefore, a codimension k face 
of P is the intersection of exactly k facets. Clearly every 2-polytope is simple. 

Let T" = {(z\,..., z n ) € C” : \z\\ = ••• = \z n \ = 1}. A smooth action of T n on a 
2?r-dimensional smooth manifold M is said to be locally standard if every point y € M has a 
T n -stable open neighborhood U y and a diffeomorphism ijj : U y ^ V, where V is a T n -stable 
open subset of C n , and an isomorphism 5 y : T n —>• T n such that if(t ■ x ) = S y (t) ■ 'tjj(x) for all 
(t, i) £ I" x Uy. 

A 2n-dimensional quasitoric manifold is a triple (M,P, q), where M is a 2n-dimensional 
closed smooth manifold with an effective T n -action, P is a simple n-polytope and q : M —> P 
is a projection map satisfying the following conditions: (i) the TP-action is locally standard, 
(ii) the map q : M —> P is constant on T n orbits and maps every Adimensional orbit to a 
point in the interior of an ^-dimension face of P. We also say that q : M —>• P is a quasitoric 
manifold over P (or simply M is a quasitoric manifold over P). All complex projective 
spaces CP” and their equivariant connected sums, products are quasitoric manifolds, (cf. 

[DM] L 

Proposition 2.1 ( [DJ911 Lemma 1.4]). Let q : M —> P be a 2n-dimensional quasitoric 
manifold. Then, there is a projection map / : T n X P -A M so that, / maps T n X q onto 
q _1 (g) for each q G P. 

Now we briefly discuss the combinatorial definition of quasitoric manifolds following 
[DM] . Let J~{P) be the set of all facets of an n-dimensional simple polytope P. For a 
simple n-polytope P, a function 

£ : P(P) Z n 

is called a characteristic function if the submodule generated by {f(Fji), ■ ■ ■ ,QQn)} is an 
Adimensional direct summand of Z” whenever the intersection Fj 1 D • • • Cl Fj e is nonempty. 
The vectors £(Fi), ... ,£(F m ) are called characteristic vectors and the pair (P, £) is called a 
characteristic pair. 

In [D,T9lj . the authors show that given a quasitoric manifold one can associate a char¬ 
acteristic pair to it up to choice of signs of characteristic vectors. They also constructed a 
quasitoric manifold from the pair (P, Q. It’s description is the following. 

Let P be a simple n-polytope and (P, £) be a characteristic pair. A codimension k face 
F of P is the intersection F . J1 D • • • fl Fj k of unique collection of k facets Fj A ,..., F Jk of P. 
Let Z (F) be the submodule of Z n generated by the characteristic vectors ^(Fj x ),... ,£(Fj k ). 
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The module Z(F) is a direct summand of Z n . Therefore, the torus Tp := (Z(F) (g>z]R)/Z(F) 
is a direct summand of T n . Define Z(P) = {0} and Tp to be the proper trivial subgroup of 
T“. If p G P, p belongs to relative interior of a unique face F of P. 

Define an equivalence relation on the product T n x P by 

(t,p) ~ (s, q) if p = q and s~ 1 t € Tp, (2.1) 


where p £ F°. Let 


M(P,£) := (T n x P)/ ~ 


be the quotient space. The group operation in T n induces a natural action of T n on M(P, £), 
namely g.[/i,x] = [g/i, x], The projection onto the second factor of T n x P descends to the 
quotient map 

7 r : M(P, £) —)• P given by 7r([t,p]) = p. (2.2) 

So, the orbit space of this T n action on M(P, £) is the polytope P itself. One can show that 
the space M(P, £) has the structure of a quasitoric manifold (cf. |DJ91| ). 


Remark 2.2 ( |D.T9ll Corollary 3.9]). A quasitoric manifold q : M — > P is simply connected. 
So, M is orientable. A choice of orientation on T n and P gives an orientation on M. 


Let 5 : T n —>• T n be an automorphism. Two quasitoric manifolds M\ and M 2 over 
the same polytope P are called 5-equivariantly homeomorphic if there is a homeomorphism 
/ : Mi —> M 2 such that f(t ■ x) = 5(t) ■ f{x) for all (t,x) el“x Mi. Moreover, if 5 is the 
identity, / is called an equivariant homeomorphism and the T n actions on Mi and M 2 are 
called equivalent. 

Proposition 2.3 ( [DJ911 Proposition 1.8]). Let q : M — > P be a 2n-dimensional quasitoric 
manifold over P and £ : F(P) —> Z n be its associated characteristic function. Let q m ■ 
M (P, ^) —> P be the c^uasitoric manifold constructed (as in equation 12.21) from the pair 
(P, £). Then, the map / : T n x P —> M of Proposition 12.11 descends to an equivariant 
homeomorphism M(P, £) —> M covering the identity on P. 

Two characteristic pairs (P, £) and ( Q , 77 ) are called equivalent if there is a diffeonrorphism 
-0 : P —>• Q (as manifold with corners) such that rj(^j(F)) = ±£(P) for all P £ P(P). Note 
that ijj(F(P)) = F(Q). Using Proposition 12.31 we can prove the following. 

Proposition 2.4. Let M and N be 2?i-dimensional quasitoric manifolds over P and Q 
with the characteristic functions £ and respectively. Then, M and A r are equivariantly 
homeomorphic if and only if (P, £) and ( Q , 77 ) are equivalent. 

Example 2.5 (Example 1.18, |DJ9li h Let Q be a triangle in M 2 . The possible characteristic 
functions are indicated by the following figures. 

The quasitoric manifold corresponding to the first characteristic pair is CP 2 with the 
usual T 2 action and standard orientation, we denote it by CP 2 . The second characteristic 
pair correspond to the same T 2 action with the reverse orientation on CP 2 , we denote this 
quasitoric manifold by CP 2 . 

Note that there are many non-equivariant T 2 actions on CP 2 , see Section 6 of |Sarl2j . 
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B (- 1 , 0 ) c B ( 1 , 0 ) C 

(a) (b) 

Figure 2: Some characteristic functions corresponding to a rectangle. 


Example 2.6 (Example 1.19, |D.J91 j). Suppose that P is combinatorially a rectangle in R 2 . 
In this case there are many possible characteristic functions. Some examples are given by 
Figure El 

The first characteristic pairs may construct an infinite family of 4-dinrensional quasitoric 
manifolds, denote them by Mf. for each k € Z. By Proposition 12.41 the manifolds {Mf ; : 
k € Z} are equivariantly distinct. Let L(k ) be the complex line bundle over CP 1 with the 
first Chern class k. The complex manifold CP (L(k) © C) is the Hirzebruch surface for each 
integer k, where CP(-) denotes the projectivisation of a complex bundle. So, each Hirzebruch 
surface is the total space of the bundle CP(L(fc)©C) —» CP 1 with fiber CP 1 . It is well-known 
that with the natural action of T 2 on CP (L(k) © C) it is equivariantly homeomorphic to M\. 
for each k (cf. {Oda88j ). That is, with respect to the T 2 -action, Hirzebruch surfaces are 
quasitoric manifolds where the orbit space is a combinatorial square and the corresponding 
characteristic maps are as in Fig. El (a). 

On the other hand, the second combinatorial model (Figure EK^)) gives the quasitoric 
manifold CP 2 # CP 2 , the equivariant connected sum of CP 2 (cf. 1011701 ). 

Equivariant connected sum of quasitoric manifolds is discussed in 1.11 of [DJ91] as well 
as in Section 2 of }Sarl2| . The following Proposition classifies all 4-dimensional quasitoric 
manifolds. 

Proposition 2.7 ( QR70 . p. 553]). Any 4-dimensional quasitoric manifold AT 4 over a 2- 
polytope is an equivariant connected sum of some copies of CP 2 , CP 2 and for some 
k £ Z. In particular, A/ 4 is homeomorphic to a connected sum of copies of CP 2 , CP 2 and 
S 2 xS 2 . 

Remark 2.8. The decomposition in the above proposition of M 4 as a connected sum is not 
unique, see Remark 5.8 in [QR70] for details. 
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Now, we recall a relation between toric varieties and quasitoric manifolds. For more 
details about toric variety see Oda [Qda88j and Fulton |Ful93j . 

A toric variety is a normal algebraic variety M containing the algebraic torus (C*) n as 
a Zariski open subset in such a way that the natural action of (C*) n on itself extends to an 
action on M. Thus (C*) n acts on M with a dense orbit. 

A convex polyhedral cone (or simply cone ) a spanned by p\,... ,p k € M n is 

cr = { riPl H-b r kPk G M n : rq,..., r k > 0}. 

A cone in M n is called nonsingular if it is generated by a part of a basis of Z n . So a 
nonsingular cone does not contain a line through the origin in M n . A nonsingular fan £ 
is a set of nonsingular cones in M n such that a face of a cone in £ is a cone in £ and the 
intersection of two cones in £ is a face of each. A nonsingular fan is called complete if the 
union of all cones in £ is M ra . 

There is a one-to-one bridge from fans to toric varieties of complex dimension n which 
produces a beautiful connection between topology and combinatorics. We denote the corre¬ 
sponding toric variety of the fan £ by 

Suppose (F, £) is a characteristic pair and F be a nonempty face. If F = P then, we 
define crp = {0} the origin of M n . Otherwise F = F t] 0 ... 0 Fi k for a unique collection of 
facets Fq,..., Fq of F. Then, we define op is the cone generated by £(Fq),... , £(Fq). So, 
by definition of characteristic function, up is a nonsingular cone for a nonempty proper face 
F of F. In general the collection £p = {ap : F is a face of P} is not a fan. We say the 
characteristic pair is complete if £p is a complete fan. 

On the other hand, if M is a nonsingular projective toric variety then it is a quasitoric 
manifold and the corresponding characteristic pair is complete (see Section 5.1.3 and 5.2.3 
of [BP02] ). From the discussion of these Sections we state the following proposition. 

Proposition 2.9. Let M be a quasitoric manifold manifold with characteristic pair (F, £). 
Then, M is projective toric variety if and only if (F, £) is complete. 

2.2 Triangulation 

We recall some basic definitions and examples in triangulation. All simplicial complexes 
considered here are finite and the empty set is a simplex (of dimension —1) of every simplicial 
complex. If cr = {tq,..., v k } is a simplex in a simplicial complex then, a is also denoted by 
V 1 V 2 ■ ■ ■ v k . The vertex set of a simplicial complex X is denoted by V(X). 

If A, Y are two simplicial complexes, then a simplicial isomorphism from X to Y is a 
bijection n : V{X) —> V(Y) such that for a C V(X), cr is a face of X if and only if 7r(<r) is a 
face of Y. Two simplicial complexes X, Y are called isomorphic (denoted by X = Y) when 
such an isomorphism exists. 

We identify two complexes if they are isomorphic. We also identify a simplicial complex 
with the set of maximal faces in it. For any two simplicial complexes X and Y. their join 
X * Y is the simplicial complex whose faces are the disjoint unions of the faces of X with 
the faces of Y. 

A subcomplex Z of a simplicial complex X is said to be an induced subcomplex if every 
face of X contained in V(Z ) is a face of Z. If a is a face of a simplicial complex X then, 
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the link of a in A, denoted by lkx(er), is the simplicial complex whose faces are the faces r 
of X such that r D a = 0 and a U r£l. 

A d-dimensional simplicial complex is called pure if all its maximal faces (called facets) 
are d-dimensional. A d-dimensional pure simplicial complex is called a weak pseudomanifold 
if each of its (d — l)-faces is in at most two facets. 

For a d-dimensional weak pseudomanifold X, the boundary dX of X is the pure (d — 1)- 
dimensional subcomplex of X whose facets are those (d — l)-dimensional faces of X which 
are contained in unique facets of X. For a simplicial complex X, |A| denotes the geometric 
carrier of X. It may be described as the subspace of [0, l] y ( A ) consisting of all functions 
/: V(X) ->• [0,1] satisfying (i) Support(/) 6 X and (ii) J2 x ev(x) f ( x ) = L 

If a topological space M is homeomorphic to | A| then, we say that X triangulates M. 
If |A| is a topological d-ball (resp., d-sphere) then, X is called a triangulated d-ball (resp., 
d-sphere ). If \X\ is a pi manifold (with the pi structure induced by X) (resp., topological 
manifold) then X is called a combinatorial manifold (resp., triangulated manifold). 

For 1 < d < 4, A is a combinatorial d-manifold if and only if the vertex links are 
triangulated (d — l)-spheres or (d — l)-balls if and only if X is a triangulated d-manifold. 

For a finite set a, let a (respectively da) denote the simplicial complex whose faces 
are all the subsets (respectively, all proper subsets) of a. Thus, if ff(a) = n > 2, a is a 
copy of the standard triangulation Bff~ l of the (n — l)-dimensional ball, and da is a copy 
of the standard triangulation Sff~ 2 of the (n — 2)-dimensional sphere (and is also denoted 
by SJf~ 2 (a)). Thus, for any two disjoint finite sets a and /3, a * d/3 and da * j3 are two 
triangulations of a ball; they have identical boundaries, namely (da) * (d/3). 

By a subdivision of a simplicial complex X we mean a simplicial complex X' together 
with a homeomorphism from \X'\ onto |A| which is facewise linear. Two complexes X , Y 
have isomorphic subdivisions if and only if |A| and |Y| are piecewise linear homeomorphic. 

If a is a face of a simplicial complex X and u V(X) then, consider the simplicial 
complex (on the vertex set V(X) U {it}) 

t™(X) := {a € X : a % a} U u * da * lkx(a). (2.3) 

Then, r“(A) is a subdivision of X and is called the subdivision obtained from X by starring 
the new vertex u in a. A simplicial complex Y is called a stellar subdivision of A if Y is 
obtained from X by starring (successively) finitely many vertices. Two simplicial complexes 
Y and Z are called stellar equivalent if they have isomorphic stellar subdivisions. So, if two 
simplicial complexes are stellar equivalent then they triangulate the same topological space. 

If A is a d-dimensional simplicial complex with an induced subcomplex a * d/3 (a ^ 0 5 
/3 / 0) of dimension d (thus, dim(a) + dim(/3) = d), then 

Ku(X) '■= (A \ (a * d(3)) U (da * (3) (2.4) 

is clearly another triangulation of the same topological space |A|. In this case, Ka(X) is said 
to be obtained from A by the bistellar move a >->• (3. If dim(/3) = i (0 < i < d), we say that 
a i->- (3 is a bistellar move of index i (or an i-move , in short). Clearly, if Ha(X) is obtained 
from A by an z-move a i—>■ /3 then A is obtained from Ka(X) by the (reverse) (d — z)-move 
/3 i—>- ck, i.e., Kp(n,a(X)) = A. Notice that, in case i = 0, i.e., when f3 is a single vertex, we 
have d/3 = {0} and hence a * d/3 = a. Therefore, our requirement that a * d/3 is the induced 
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subcomplex of X on a U fj means that /3 is a new vertex, not in X. Thus, a 0-move creates 
a new vertex, and correspondingly a d-move deletes an old vertex. 

For a simplicial complex X, if ~ is an equivalence relation on the vertex set V(X) then 
consider the simplicial complex (called the quotient complex) X/~ whose vertices are the 
~-classes and {Ci,..., Ck} is a face of X/~ if C\ U • • • U Ck is a face of X. 

If (j) = u\ ■ ■ ■ Ui-\UiUi + \ ■ • • Uk is a loop in a simplicial complex X and Ui-\UiUi + \ is a 
face of X then, <p is equivalent to the loop g = u\ ■ ■ ■ Ui-\Ui+\ ■ ■ - Uk (denoted by (j) ~ g) and 
hence (p and g represent the same element in the fundamental group tti(X,ui). 

Let X\. X -2 be two triangulated closed d-manifold with disjoint vertex-sets, cr^ a facet of 
Xi (i = 1,2) and ip: <xi —> <x 2 a bijection. Let {X\ U X 2 )^ denote the simplicial complex 
obtained from JidU^^eri, cr 2 } by identifying x with ip(x) for each x G a\. Then, (XiUX 2 )^ 
is called an elementary connected sum of X\ and X 2 , and is denoted by Xl$^X 2 (or simply 
by Xi#X 2 ). Note that the combinatorial type of Xi#^X 2 depends on the choice of the 
bijection ip. However, |Xi$^Y 2 | is the topological connected sum of \X\ | and |X 2 | (taken 
with appropriate orientations). Thus, X\ #^X 2 is a triangulated closed d-manifold ( (BD08) 
Dehnition 1.3]). 

In [KB83] . Kiihnel and Banchoff constructed a 9-vertex vertex minimal triangulation 
of CP 2 and in |Lut05| . Lutz has constructed an 11-vertex vertex minimal triangulation of 
S 2 x S 2 . Using these we get the following proposition. 

Proposition 2.10. For j + k + l > 1, the manifold jCF 2 #kCF 2 #£(S 2 x S 2 ) has a triangu¬ 
lation with 4 j + 4k + 6£ + 5 vertices. 

Proof. Let X be a 9-vertex triangulation of CP 2 . Since CP 2 is homeomorphic to CP 2 , CP 2 
has a 9-vertex triangulation Y. Let Z be an 11-vertex triangulation of S 2 x S 2 . 

If M and N are triangulated closed d-manifolds with m and n vertices respectively then, 
the elementary connected sum MjpN of M and N is an (m + n — d — l)-vertex connected 
triangulated closed d-manifold and triangulates |M|#|IV|. Let be the elementary con¬ 
nected sum of j copies of X, k copies of Y and l copies of Z. Then, is a triangulated 
closed 4-manifold (and hence a combinatorial 4-manifold) with 9j-\-9k+ll£—{j+k+£— 1) x 5 
vertices and triangulates jCP 2 #fcCP 2 #£(5 2 x S 2 ). (If one of j, k,£ is 0 then, we do not take 
the corresponding triangulated manifold in the connected sum.) This proves the result. □ 

2.3 Three dimensional Lens spaces 

The 3-dimensional lens spaces were introduced by Tietze, [Tie08| . Let p and q be relatively 
prime integer. Consider S 3 = {(zi,z 2 ) € C 2 : |^i| 2 + |z 2 | 2 = 1}. Then, the action of 

= Z/pZ on S 3 generated by e 2m / p .(zi, z 2 ) = (e 2m / p zi,e 2mq / p Z 2 ) is free since p and q are 
relatively prime. The quotient space of this action is called the lens space and is denoted by 
L(p,q). The lens space L(p,q ) is homeomorphic to L(p,r) if and only if r = ±q (mod p) or 
qr = ±1 (mod p) l |Mad09j h 

Let m, n G Z so that det((?n, ?r) 4 , ip^q) 1 ) = 1. Let S 1 x D 2 be a solid torus considered 
as a subset of C 2 , that is S 1 x D 2 = {( z,w ) € C 2 : |z| = 1, |w;| < 1}. We will also think 
T 2 = d(S 1 x D 2 ) = S' 1 x dD 2 = S 1 x S 1 as a subset of C 2 . Let P( P) q) : T 2 — > T 2 be the map 
P(p,q)( z ,w) = (z m w p ,z n w q ). Clearly this is a homeomorphism of T 2 . It is well known that 
the lens space L(p, q) is the identification space of the disjoint union S 1 x D 2 U S 1 x D 2 with 
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(z,w) ~ w) for all (z,w) G T 2 . It is known that 


(2.5) 


L(p,q) = L(—p, —q) = L(-p,q ) = L(p,-q ) = L(p,p-q ), 

where L(k,£) denotes L(k,£) with the opposite orientation. 

Question 2.11. Can we construct a triangulation of T 2 such that 7 ?(i,o)> V?(o,i) and V(v,i) 
are simplicial? 

Question 2.12. Let A\,... ,Ak G GL{n, Z) n > 2,k > 1. What are the vertex minimal 
triangulations of T n so that the homomorphisms determined by A \,..., A^ are simplicial? 

3 Some sequences of triangulated solid tori and lens spaces 

In this section we present some triangulated S 1 x D 2 , S 3 , S 1 x S 2 , MP 3 , L(3,1), 11(4,1), 
L(5,2) and L(7,2). We need these in Sections [5l [ 6 ] and 0 

Example 3.1. We know that any triangulation of the 2-dimensional torus S 1 x S 1 requires 
at least 7 vertices and up to isomorphism there is a unique triangulation T of S ' 1 x S ' 1 , where 

T = {013,124,235,346,045,156,026,023,134,245,356,046,015,126}. (3.1) 


0 16 0 



Here the vertex set of T is {0,1,..., 6 }. If we identify the vertex set with Z 7 = Z/7Z 
then, Zy-acts on T given by i 1 —>■ i + 1 . There are exactly three 7-vertex triangulations of 
the solid torus D 2 x S 1 whose boundaries are T. These are the following (cf. |BK92j l: 

T\ := {0123,1234,2345,3456,0456,0156,0126}, 

T 2 := {0246,1246,1346,1356,0135,0235,0245}, 

T 3 := {0145,1245,1256,2356,0236,0346,0134}. (3.2) 

Observe that T\ n To = T\ n T 3 = T 2 0 T 3 = T = dT\ = dT 2 = 5T 3 . The triangulated 
2 -manifold T has fourteen 2 -dimensional faces. Among the remaining (g) — 14 = 21 possible 
2-simplices, 7 are in T\, 7 are in T 2 and 7 are in T 3 . For 1 < * 7 ^ j < 3, let 

Sij := Ti U Tj. 

Then, for any vertex fc G Z 7 , Ugg^. (k) = lk Ti(k) Ulk^^A:). Since lk^^fc) and Iky. (k) are 
2-discs and lkT;(fc) O Ik^ (k) = lkr(A:) is a cycle, it follows that lks^. (k) is a 2-sphere. Thus, 





















Sij is a triangulated 3-manifold without boundary. Since Sij has 7 vertices, it triangulates 
the 3-sphere S 3 (since a triangulated 3-manifold without boundary with at most 8 vertices 
triangulates S 3 |Alt74| ). □ 


Remark 3.2. Observe that 0160, 0250, 0340 are loops in T and 7 Ti(T,0) = (a\,a 2 ) = 
( 01 , 0 : 3 } = ( 02 , 03 ) = Z®Z, where oi = [0160], 02 = [0250], 03 = [0340] =01 + 02 (cf. Fig. 
2a). Moreover, Oj = 0 in 7 Ti(Tj, 0 ) for 1 < i < 3. Thus, for 1 < i 7 ^ j < 3, the triangulated 
3-manifold Sij = T, L U Tj is simply connected and hence is a triangulation of S' 3 . 

Example 3.3. Let Ti,T 2 ,T 3 be as in Eq. (13.211 with common vertex set Z 7 . Take nine 
pairwise disjoint (and disjoint from the set Z 7 ) countable sets 


U\ = {u ltn : n > 0}, U 2 = {u 2 , n ■ n > 0}, U 3 = {u 3tn : n > 0}, 

Vi = {vi, n ■ n > 0 }, V 2 = {v 2}Tl : n > 0 }, V 3 = {u 3 , n : n > 0 }, 

W] = {wi tU : n > 0}, W 2 = {w 2 , n : rr > 0}, W 3 = {w 3 , n : n > 0}. 


First consider the subdivisions T\ q and T{ 0 of Ti by adding new vertices uip, t+o and ui t o, 
r+o, wi,o respectively. 

T — “uo^i, 0 /2 W , 0 , 3^i,o/ «i,o/ 5wi,o/ -NX 

J l,0 •— ^345 1+016 v"' 456 v'056 +234 V123 COb 

T{, o := t 0 7/(Ti, 0 ). (3.3) 

Observe that T\ is the union of the triangulated 3-balls B\ = {0123,1234, 2345} and B 2 = 
{3456,0456,0156,0126} and Ti >0 = * dB x ) U (vi j0 * dB 2 )). 

Consider the maps f,g : Z 7 U (l_l 3 = i(Li U Vi U IF*)) —> Z 7 U (l_l 3 = i(Lj LI V) LI Wj)) given by: 


f(i) = i + 1, g(i) = 2 i (mod 7) for i £ Z 7 , 

f(uj,n) = Uj,n+ 1 , f(vj,n ) = Vj,n+i, f(wj,n ) = Wj,n+ 1 , for 1 < j < 3, n > 0 and 
g{^l, n) — ^2,2n, ff(^2,n) — ^3,2n, 5(^3,n) — ^l,2n, gi^l,n) — +2,2n, 9iV2,n) — +5,2 ni 
g(v 3 ,n) = V 1>2 n, g{w\,n) = ™ 2,2 n, 9^2, n) = W 3 , 2 n, 5 (^ 3 , n ) = +L, 2 n, for fl > 0. (3.4) 


Then, /|z 7 is an automorphism of Tj for 1 < j < 3, g{T{) = T 2 , g(T 2 ) = T 3 , g(T 3 ) = Ti 
and g o f = f 2 o g. Let 

T j, 0 

T lo 

T- 

J -3,n 

For 1 < j <3, the number of vertices in T ]n is7 + 2 = 9if0<n<6 and the number of 
vertices in Tj n is 7 + 3 = 10 if n > 7. □ 

Lemma 3.4. Let T be the torus given by Eq. EH) and Ti,T 2 ,T 3 be given by the Eq. m- 
For 1 < j < 3 and n > 0, the solid tori Tj^ n defined in Example 13.31 satisfy the following. 

(i) T} n is a subdivision ofTj for 1 < j < 3 and n > 0. 


— ni - 1 


9 j *m, 0 ) 

0 ) 

f f n (T jt 0 ) 

l n T U) 


for j = 2, 3, 

for j = 2, 3, 

for 1 < j < 3, 1 < n < 6 , 

for 1 < j < 3, n > 7. 


(3.5) 
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(ii) T l[k = Tjj, Tj m = T j}U for 1 < i,j < 3, 0 < k,£ < 6 , m,n > 7. 

(iii) dTj :n = T for 1 < j < 3 and n > 0 . 

(iv) Ti n Tj^ n = T = T hm n Tj :n for 1 < i / j < 3 and m,n>0. 

(v) Tj <m H Tj^ n = T = Tj H Tj t i for 1 < j <3, m ^ n > 0 and i > 7. 

(vi) Ti U Tj :n , Ti^ m U Tj tn triangulate S 3 for 1 < i ^ j < 3 and m, n > 0. 

(vii) Tj >m U Tj >n , Tj U Tj^ triangulate S 2 x S 1 for 1 < j <3, m / n > 0 and i > 7. 

Proof. Parts (i) and (ii) follow from the definition of Tj_ n in (13.5|) . From (|3.3|) it follows that 
dTifi = T = dT[ 0 . Part (iii) now follows from the definition of Tj, n in (13.51) . 

To prove part (iv), assume that (i, j) = (1,2). (Similar arguments work for other values 
of Clearly, 

V (Tl ,m) — ^7 U {'Ugm, Ug m , and V(T 2 ,n) 1 = ^7 U {U 2 ,n ) '^ 2 ,m ^ 2 ,n}- 

Let ff be a face in Ti )TO \ T (resp., in T\ \ T). Then, either a = {m,m + 1 ,m + 2} (when 
m < 6) or a contains a vertex from {ui irn ,vi jTn ,wi jm } (resp., a = {i,i + l,i + 2} for some 
z G Z 7 ). Similarly, if t be a face in T 2 n \ T then either t = {n, n + 2 , n + 4} (when n < 6 ) 
or t contains a vertex from {u 2 >n , V 2 , n , (Addition here is mod 7.) Thus, a ^ r. This 

proves part (iv) 

To prove part (v), assume that j = 1. (Similar arguments work for other values of j.) 
Any face in T\ m \ T is either {m,m + 1, m + 2} (when m < 6 ) or contains a vertex from 
{ugm, ui >m , zui, m } and any face in Ti, n \T is either {n, n + 1 , n + 2 } (when n < 6 ) or contains 
a vertex from {ui jU , v± jn , wi >n }. Since rn ^ n, there is no common face in Ti jm \ T and in 
T\ n \ T- Thus, Ti }Tn D Ti, n = T. Similarly, Ti D T^ = T for l > 7. This proves part (v). 

Since Tj ]m is a subdivision of Tj for 1 < i < 3 and m > 0, T,; m U Tj^ n is a subdivision of 
Tj U Tj = Sij for 1 < i 7 ^ j < 3. Part (vi) now follows since Sjj is a triangulation of S’ 3 . 

Consider the oriented 3-dimensional weak pseudomanifold X whose vertex set is {do, d\, 
... ,dg,u,x,a,b} and oriented facets are 

didi+idi + 2di+3,dodiua,dod2au,did2ua,djdj+idj + 3U,udjdj + 2dj+3, for 0 < i < 6,0 < j < 2 , 
dkdk+idk+ 3 %, xd k d k + 2 dk +3 for 3 < k < 6 , dsd^xu, d^d^xu, dsd^ux , d 7 d 8 bx, d 7 dgxb, d 8 dgbx. 

Then, X triangulates [0,1] x S 2 and the 2-spheres S 2 ({dg, d±, d 2 , a}) and S 2 ({d 7 ,d 8 ,dg,b}) 
are induced and in dX. The orientation on X induces orientation on S 2 ({do,di,d 2 ,a}) 
(namely a is a positively oriented 2 -face if aa is positively oriented in A) with the positively 
oriented 2-faces do^ 2 ^i, cWoo, di^a, dgd\a. Similarly (with the induced orientation), the 
positively oriented 2-faces in S 2 ({d 7 , dg, dg, 6 }) are d 7 d 8 dg, d 7 dgb, dgd 8 b and d 8 d 7 b. 

Now, consider the map 


<P‘- {d 0 ,di,d 2 ,a} {d 7 ,d 8l dg,b} 

given by ip{df) = dj +7 for 0 < % < 2 and ip(a) = b. Then, ip defines an equivalence relation 
~ on V(X) (namely, y ~ z if y = z, t p(y) = z or y = tp(z)). Observe that if a is a positively 
oriented 2-face, then ip{a) is negatively oriented. So, the quotient complex X/~ is orientable 


10 


and triangulates S 2 x S' 1 . It is easy to see that X/~ is isomorphic to T\ U T{ 0 . Therefore, 
T\ U T[ 0 triangulates S 2 x S 1 . Since Ti, m U Ti >n (resp., T\ U T\j) is stellar equivalent 
(resp., is isomorphic) to Tj U T [ 0 for m ^ n (resp. £ > 7), it follows that Ti, m U Xj )n and 
Tj U T] £ triangulate S 2 X S 1 . This proves part (vii) since g 2 : Tj,™ U Tj,™ —> Ti, 4m U T\^ n , 
g : T 3 , m U T 3 , n T\ 2m u Ti j2n are isomorphisms for m ^ n and g 2 : T 2 U T 2 / -> T U Ti, 4n , 
g: T 3 U T 3j £ —> Ti U T 3 2 i are isomorphisms for £ > 7. □ 

Remark 3.5. For 1 < j < 3 and m ^ n, |2j, m | and |T), n | are two copies of the same solid 
torus |Ti| and (since |T), m | and |Tj, n | have no common interior face) |T), m UT,-,™! is the space 
obtained from the disjoint union of |T), m | and \T^ n \ by identifying their boundaries with the 
identity map. This implies Tj, m U T), n is homeomorphic to S 2 x S' 1 . Similarly, | Tj UT^| is 
homeomorphic to S 2 x S 1 for £ >7. This gives another proof of Lemma 13.41 (vii). 



Example 3.6. For each integer n > 0, consider the 3-dimensional simplicial complex 
# 4 ,n = B' U B" on the vertex set {p 0 ,Pi, • • • ,P6} U {p' 0 ,... ,p' e } U {q n fl,q n ,i, ■ ■ • ,<?n,6}U 

{^4,nj ^4 ,ni 7^4 ,m 77 4 ,™}- 


B' = {w4 ! nU4, r J>lPi+l,W4 : , n p , iP , i + iq n ,i+2, nP'i-lQn,iQn, i+1, «4,nW4, n 9n,i9n,i+l, 

'^4,nqn,iPi+lPi+‘2i^4,nqn,iqn,i+^Pi+‘^i^4,n'^4,nPiPi+l • * ^ ^ 7 }) 

B = {Pi—\q n ,iq n ,i+PPi+2iPi—2Pi— lQn,iPi+liPi— lQn,iPi+lPi+2 1 ^ ^ 7 }- 

Consider the equivalence relation on the vertex set I/(£> 4 , n ) generated by u' 4n ~ 774 ,™, 
p' ~ ^ for 0 < i < 6. Let 

T 4 ,„ = e 4 ,n/~ . (3.6) 
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We identify the vertices [pi], [u^ n ], [v 4tn ] and [w 4: „] in T^ n with i , u 4:U , v 4)n and w 4iU 
respectively. So, V(T 4j71 ) = Z 7 U {q n ,o, ■ ■ ■, g n , 6 } U {u 4 :n ,v 4 tn ,w 4!n } for n > 0. We assume 
that V (r 4>n ) D V(T^ m ) = Z 7 = V (r 4) „) PI V(T^) for all i, m 7 ^ n > 0, 1 < j < 3. □ 

Lemma 3.7. For n > 0, f/ie simplicial complexes B 4jTI and T 4>n defined in Example 13.61 
satisfy the following. 

(i) B^ n is a triangulated 3-ball with boundary dB 4tTl = C 1 UC 2 UC 3 , where C\ = {u 4 , n PiPi+i : 
i G Z 7 }, C 2 = {u' 4 n p[p[ +A : i G Z 7 }, C 3 = {p,-_ 2 p'_ 1 Pi+i,p-_iPi+iPi+2 fo G Z 7 }. 

(ii) T 4 ^ n is a triangulated solid torus with boundary dT 4:U = T ■ 

(iii) If ol\, a .2 are as in Remark \ 3.21 and 0:4 = [ 04 ] € 7 Ti(T, 0), where C 4 is the loop 01234560 
in T, f/ien <24 = 3ai + a 2 and 04 = 0 in 7 ri(T 4 iTl , 0 ). 

Proof. Consider the seventeen triangulated 3-balls 

#1 = {w 4 ,n«4,n^+H w i,nViPi+l<ln,i+ 2 , ^4,nPi-i9n,i9n,i+l = * € M, 

^2 {T4,n(Zn,iPi-f-lP*+2> ^4,nQn.iQn.i-\-\Pi-\-2-. ^4,nW4,nQn,iQn,i-\-l • ^ G Z 7 }, 

#3 = {«4,nV4,nPiPi+l = * G Z 7 }, £4 = {Po<?n,l<?n,2P3}, ■ ■ ■ , #10 = {P 6 <?n, 0 <?n,lP 2 }, 

#11 = {PoP(<?n,2P3, P{^n,2P3P4}, • ■ ■ , #17 = {PePoOfolPS, PodnAlEm}- 

Clearly, B 4 . n = B\ U • • • U Bn. Observe that £>,; n (B± U • • • U Bm) is a triangulated 2-disc 
for 2 < i < 17. This implies that B 4 . n = B\ U • • • U Bn is a triangulated 3-ball. This proves 
first part of (i). (Observe that B' = B\ U £> 2 U £>3 is also a 3-ball.) Second part of (i) follows 
from the definition of B 4:Tl . 

There is no vertex in B 4 , n which is a common neighbour of p[ and pi for i G Z 7 and 
there is no vertex in B 4 ^ n which is a common neighbour of u' 4n and u^n. This implies 
that the quotient complex T 4)n is a triangulated 3-manifold with boundary. Clearly, the 
boundary dT 4tn is the quotient C 3 /~= T. Since the space |T 4jn | can be obtained from |jS 4iTI | 
by identifying the 2 -disc \C\\ with the 2 -disc |C 2 | (via the simplicial isomorphism from C\ to 
C 2 given by u^ n >->• u' 4n , pi i-> pi for 0 < i < 6 ), \T 4)U \ is a solid torus. This proves (ii). 

It is clear that, 0160340160 ~ 01603405160 ~ 0160340560 ~ 016034560 ~ 0160234560 ~ 
016234560 ~ 01234560 (see Fig. 2a). Thus, a 4 = [c 4 ] = [0160] + [0340] + [0160] = ai +a 3 + 

= 3ai + a 2 . Let C be the 2-disc in T^ n corresponding to the 2-disc Ci in B 4yn . Then, 
C 4 is the boundary of C and hence a 4 = [ 04 ] = 0 in tti(T 4)11 , 0). This completes the proof of 
(iii). ’ □ 

Example 3.8. Let Q n = {q n ,o, ■ ■ ■, q n fi}, U 4 = {tt 4 ,n : n > 0}, V 4 = {v 4)n : n > 0}, 
W 4 = {w 4>n : n > 0} be as in Example 13.61 Let Q = U n >o Q n - Take new (disjoint) sets of 
vertices 

R — U n >0-Rn — U rl >o{r'n,0) • • • ■ fn,6 }: S — U^^oS^i — U n >o{Sn,0) ■ ■ ■ ■ j 

Uj = { u j,n ■ n > 0 }, Vj = {vj )U : n > 0 }, Wj = {u)j, n : n > 0 } for 5 < j < 6 . 

Let / and g be as in ([3.411 . Consider the following extensions of / and g (also denoted 
by / and g respectively) /, g : Z 7 U (Q U R U S) U (U® = 1 (I/j U V) U Wf)) —> Z 7 U (Q U R U S) U 
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(U^UiUViUWi)) as: 

f(Uj,n) = Uj,n+ 1, f(Vj,n ) = Vj,n+ 1 , f{Wj,n) = Wj,n+ 1, for 4 < j < 6 , n > 0, 
f(q n ,i ) = 9n+l+ f(j'n,i) = r n+i,i, f (s n ,i ) = Sn+i+ for 0 < i < 6, n > 0 and 


9(“4,n) — ^5,2n, 9(^5,n) — ^6,2n, 6,n ) — ^4,2n, 9(^4,n) — ^5,2m d(V5,n) — ^6,2n> 

g(v6,n) = ^4,2n, 9(^4,n) = ^5,2n, g{w 5 ,n) = W 6 ,2n, g(w 6 ,n) = ^4,2n, for n > 0, 

g(q n ,i ) = r 2 n,i, 9(+i,i) = « 2 n,i, 9(«n,i) = 92n+ 0 < i < 6 , 71 > 0. I 

Then, g o f = f 2 o g. Let 


(3.7) 


^5,0 9(74,o), T 6i0 9 2 (+4,o), 

Tj. n : = f n (Tjfi) for n > 1 and j = 5,6. 


(3.8) 


For 4 < j < 6 and n > 0, the number of vertices in Tj n is 7 + 7 + 3 = 17. 


□ 


Lemma 3.9. For n > 0, + 5 , n , +g, n defined in Examvle 13.81 satisfy the following. 

(i) +;,m — Tdj,n f or 4 < i, j < 6 and m. n > 0 . 

(ii) T i>n is a triangulated solid torus with boundary dTj^ n = T for j = 5,6, n > 0 . 

(iii) Let ai, a 2 &e as in Remark 13.21 and 05 = [05], a 6 = [eg] £ tti(+,0), where C5 = 
05316420, eg = 03625140 are ioops in T. Then, 0:5 = an — 2 a 2 , ctg = 2ai + 3a 2 and 
aij = 0 in 7 ri(Tj )Tl , 0 ) /or j = 5,6, n > 0. 

Proof. From the definition in (13.81) . +j, m = Tig = T 4 q = Tj ,q = Tj, n for 4 < i,j < 6 and 
m, n > 0. This proves part (i). 

By part (i), Tj n = T 4 q. Therefore, by Lemma [3+] (ii), X/ n triangulates the solid torus. 
Since /(+) = T = g(T) and 9 + 4.0 = T, it follows that 9+j, n = T. This proves part (ii). 

Observe that 5 ( 04 ) = 02461350 = C 5 and 9 ( 05 ) = eg, where C 5 is the loop C 5 with opposite 
orientation. Therefore, g*(a 4 ) = — 0:5 and 9 *(as) = « 6 , where g *: 7 Ti(T,0) —»• 7 Ti(T, 0) is 
induced by the map g. Since g*(a 1 ) = [9(0160)] = [0250] = a 2 and 9 *(a 2 ) = [<7(0250)] = 
[0430] = —ai — c* 2 , it follows that 0:5 = — 9 *(« 4 ) = — 9 *( 3 ai + a 2 ) = — 3a 2 + (ai + a 2 ) = 
a\ — 2a 2 . Therefore, ag = 9 *(a 5 ) = 9 *(«i — 2a 2 ) = a 2 — 2(— a 4 — a 2 ) = 2ai + 3a 2 . This 
proves the first part of (iii). 

Since g: + 4,0 —> + 5,0 is an isomorphism, < 7 *: n\ (+ 4 . 0 ,0) -+ 711 (+ 5 , 0 , 0 ) is an isomorphism. 
Therefore, 0:5 = g*(— 0:4) = 9 *( 0 ) = 0 in ^(Ts^jO). (In fact, C5 is the boundary of the 
2-disc g(C) in + 5 . 0 , where C is the 2-disc defined in the proof of Lemma [3.71 (iii).) Now, 
f n : + 5,0 —> +5, n is an isomorphism and / n (cs) = C5. This implies that 0:5 = [05] = 0 in 
7 Ti (+5, n , 0). Similarly, a 6 = [eg] = 0 in 7 ri(+g, n , 0 ). This completes the proof of (iii). □ 

Corollary 3.10. For n > 0, the solid tori +i ,+ 2 ,+3 defined in (13.21) . +i, m +2,n,+3,n defined 
in », T 4 , n defined in m and T§^ n , in (EH) satisfy the following. 
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(iii) T 3 U T^ n , T 3trn U T^ n , T 4 U T 5;n , T l)in U T 5t7l , T 2 U T 6jn , T 2)7n U T 6jn triangulate the 
projective space RP 3 for m,n > 0. 

(iv) t 4 , m ut 5 , 

n? ^~4,m U ^6,71; -P.),7n U -^6,71 triangulate the lens space L {7 ^ 2 ) for m, ti ■-t > (J. 

(v) Tj^ rn U Tj in triangulates S 2 x S ' 1 /or 4 < j < 6 and m ^ n > 0. 

Proof. From the definition of T 4jn , it follows that Tj fl T 4 , n = T = T/ m n T 4in for 1 < j < 3 
and m,n > 0. For 1 < j < 3, let Mj mn = Tj )m U Z/ n and let Mj n = 7/ U T 4i „. If u is in 
V\ V(dT j>m ) (resp., in V(T^ n )\V(dT^ n ) then, lk Mjmn (u) is same as lk Tjm (u) (resp., 
Ik T 4 n (u)) and hence is a triangulated 2-sphere. If u £ Z? then, lk M jrnn (u) is the union of 
the 2-discs lk T jm (u) and lk-r 4 ri (n) and lk T jrn (u) n lk t 4 j „(u) = lk-r(u) is a cycle. Therefore, 
lk Mjmn ( u ) is a triangulated 2-sphere in this case also. So, Mj mn = 7/ m UT 4in is a triangulated 
3-manifold without boundary for 1 < j < 3 and m, n > 0. Similarly, Mj n = Tj U T^ n is a 
triangulated 3-manifold without boundary for 1 < j < 3 and n > 0. 

The elements a 4 ,..., 04 in tt\ (T, 0) mentioned in Remark l3.2l and Lemma [3.71 satisfy the 
following: 


ai = 0 
a 2 = 0 
Qfl + Ol 2 = CK3 = 0 
2cr 4 T cr 3 = 3ai T CK2 — ex4 — 0 


in 7 ri(Ti, 0 ) and in 7 ri(Ti im , 0 ) for all m > 0, 

in 7Ti(T 2 , 0 ) and in 7 r 4 (T 2 im , 0 ) for all m > 0 , 

in 7 Ti(T 3 ,0) and in 7 Ti(T 3 jm , 0 ) for all m > 0, 

in vri(T4 ]m ,0) for all m > 0 , 


7a\ — 2 a 4 = 

— Q?! — 

2«2 — C^5 — 0 

in TTi (Ts.m, 0 ) for all m > 0 . 


(3.9) 

Therefore, by Seifert-Van Kampen theorem, 

we have 




7I"l (^1 ,m 

u T 4 ,n, 

. 0 ) 

= 7Tl(Ti U T 4j „, 

0 ) = 

({or cx- 2 }; 

{a 4 ,3a 4 + 0 : 2 }) 

= { 0 }, 

(3.10) 

7I"l {T 2) m 

UT 4 , n , 

. 0 ) 

= TTl (^2 U T 4jn , 

0 ) = 

({ai,a 2 }; 

{ex 2 , 3a 4 + cx 2 }) 

= z 3 , 

(3.11) 

VTl(T 3)m 

UT4,»; 

. 0 ) 

= 7Ti(^ 3 U T 4;n , 

0 ) = 

({a 1 , 0 : 2 }; 

{ai + o; 2 ,3a 4 + 

« 2 }) 






= 

({ai,a 3 }; 

{a 3 , 2 ai + a 3 }) 

= Z 2 , 

(3.12) 




7Tl(^4,m U T 5 ,n, 

0 ) = 

({ai, 02 }; 

{3a 4 + cx 2 , ex 1 — 

2 a 2 }) 






= 

({ai, a 4 }; 

{7cxi — 2 a 4 , a 4 }) — Z 7 . 

(3.13) 


By (13.101) . TiUT 4jn , Ti im UT 4)n triangulate the 3-sphere S 3 for m,n > 0. Part (i) follows from 
this since g 2 : T 2 UT 5 , n ->• Ti UT 4i4n , g 2 : T 2 )m UT 5)n ->■ Ti ) 4 m UT 4)4n , g: T 3 UT 6 >n TiUT 4 ) 2 n, 
9 - T 3 ,m U ? 6 ,n Pi, 2 m U T 4 2n are isomorphisms. 

By (13.11ft . T 2 U T 4jn , T 2>m U T 4jn triangulate the lens space L(3,1) for m,n > 0. Part 

(ii) follows from this since g 2 : T 3 U P 5>n -s- T 2 U T 4;4n , g 2 : T 3>m U T 5>n T 2 , 4m U T 4j4ri , 

5 : Ti U Tq }U -S> T 2 U T 4 i 2n, 9 ■ T\.rn U T 6>n T 2 2rn U T^ 2n are isomorphisms. 

By ()3.12ft . T 3 U T 4 , nj T 3 m U T^ n triangulate the projective space RP 3 for m,n > 0. Part 

(iii) follows from this since g 2 : T x U T 5i „ ->• T 3 U T 4 , 4n , g 2 : Tj, m U T 5iU T 3j4m U T 4)4n , 

9 : ?2 U T 6 , n - >• T 3 U T 4 , 2 n, 5 : Pgm U T 6in -J- T 3i2m U T 4i2 n are isomorphisms. 

By (13.13ft . T^ m U T 3jU triangulates the lens space L( 7, —2) = L(7,2) for rri. n > 0. Part 

(iv) follows from this since g 2 : T b m U T 6;ri ->• T 4j4m U T 5)4n , 5 : T 4jTn U T 6;ri -)■ ^5,2™ U T 4 ! 2 n 
are isomorphisms. 

Part (v) follows by the similar arguments as in Remark 13.51 □ 
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Similar to T^ n , we now present another sequence of solid tori T? tn , n > 0. 

Example 3.11. For each non-negative integer n > 0, consider the 3-dimensional simplicial 
complex Bt )U = V U V” on the vertex set {eo, e \,..., e^} U{eQ, ... , e' 4 j U {a n q, a n ^,cin,3} 
U {u 7 ^v 7 ^w 7 ^u f 7n }. Where 

T) — ^ 656 ^, • • • , ^7,71^7,72^3^4? ^7,n^7 5 n^0^4’ ^ 7 , 77656107 ^ 2 ? ^7,n^l^2^^,35 

167,77626365 ? 167,77636466, 167^77656466, ^ 7 , 77 e 0 a n5 ia n , 2 , 167,776107^26-77,3? 167,7762677,365, 
167,77636566, ^7,7765650-77,^1, 67,77W^7,77^r7,l^n,2? 67,-77167,77677,2677,3? 67,77,167,77077,365, 
^7,77^7,776566, ^7,77^7,7766^77,1? ^7,77^77,16263,117,77^77,26364? 117,77606465, H 7 ,n 6 oeie 5 , 
117,77616266, 67,77,077,1077,263, 67,77,077,2077,364, 67,77,077,36465, 117,77616566,67,77,077,16266, 

^n^neoei, • • • , « 7 ,n^ 7 ,ne 3 e 4 , ^n^nCo^}) 

'F ),/ = {eodn,i«n,2e3i e(a ni 2<V3e4, ega ni ie 2 e 3 , eoa n; ie 2 e 6 , eoe{a ni 2e3, e(a n) 2e3e4, 
eie^n,3e4,e 2 a n, 36465 }- 

Consider the equivalence relation on the vertex set V(Br, n ) generated by u} n ~ « 7 jW , 
e' ~ e ? ; for 0 < i < 4. Let 


^7,n — £>7,ra/~ • (3-14) 

We identify the vertices [e*], [it 7 in ], [u 7 , n ] and [tC 7 ;n ] in TV in with i, u 7tU , v 7 , n and w 7 , n 
respectively. So, V(T 7jU ) = Z 7 U {a n> i, ..., a n> 3 } U {u 7 >n , v 7>n , w 7tU } for n > 0. We assume 
that V (7Y jn ) fl V (r r , m ) = Z 7 = V(T 7>n ) n V(T^j) for all £,m ^ n > 0, 1 < j < 6 . Then 

T 7 , n = {muOl,..., 'U'«;34, me04, tcftOl, tccl2, u>235, rc346, rc046, wabO, wbcl, wc25, w 356, 

rca06, vwab, vwbc , vwc 5, urc56, vwa6, va23, vb34, v045, u015, v 126, vab3, vbc4, uc45, 
ul56, ua26, uuOl,... , uu34, uu04, a603, 6cl4, a023, a026, 6013, 6134, cl24, c245}, 

where u = it 7 , n , v = v 7 , n , w = w 7 , n , a = a n q, 6 = a„ )2 , c = a„ j3 . □ 
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Lemma 3.12. For n > 0, the simplicial complexes £> 7jn and Tj >n defined in Example 13.111 
satisfy the following. 

(i) £> 7 ;n is a triangulated 3-ball with boundary dBj }n = E\ U £2 U£ 3 , where 


£1 — {u7, n eoe4, U7, n eiei + 1 : 1 < ^ < 3},£ 2 = {U7 y n e 0 e ^ u 7,n e i e 'i+1 : 0 < i < 3}, 

£3 = { e [ e l+ 1 e *+3, e'e* + 2ej + 3 : 0 < i < 3}U{eQe4e6, e'^ee, eoeie5, eoe4es, eie 2 e6, eie^ee}. 

(ii) T 7 , n is a triangulated solid torus with boundary <9TV !n = T. 

(iii) If a\, a .2 are as in Remark \3.2\ and a 7 = [c 7 ] € 7 Ti(T, 0), where c 7 is f/ie /oop 012340 
in T, f/ien a 7 = 2aq + 0:2 and a 7 = 0 in vri(T 7:n , 0). 


Proof. Consider the eight triangulated 3-balls 

P>\ ■■= {w 7 ,n} * {u' 7 in e' 0 e[,...,u' 7 n e'^, u^ n e' Q e' A , e(,e(a n , 2 , 
6064661 6ofln,l®n,2; 64 fl n]2 ®n, 3 ) 62071,365, 636566, 6o66Un,l}, 


6762 dn, 3, 


e 2 e 3 e 5i 


e^ee, 


I > 2 {n 7 in }*{a n! ie 2 e 3 , a nj 2 e3e4, eoe4es, eoeies, eie 2 e 6 , a n: ia n ^e 3 , a n) 2 a n> 364 , a n , 36465 , 

616566 , O nj ie 2 e 6 , W 7 ) „a n) ia ni 2 , W 7 ^ n a n ^2a n ,3i ^67,n®n,365, ^ ! 7, 716566 , ^67,n66®n,l}, 

£>3 : = {^ 7 ,n} * {^neoei, ... ,^7^6364, n 7)n eoe4}, P4 := {eoa ni ia ni2 63}, 

'Ps : = {e(a n!2 a ni 3e4}, ©6 : = {eg} * (a™,ie 2 e3, a ni ie 2 e6}, 

£*7 : = { e o e [ a n, 2 e 3 , e{a n! 2 e 3 e 4 }, and £>s : = {e(e 2 an, 364 , e^an, 36465 }- 

Clearly, £>7 !n = T>\ U • • • U T>s- Observe that £>,; n (£>i U • • • U T>i-i) is a triangulated 2-disc 
for 2 < i < 8 . This implies that £? 7]n = T>\ U • • • U Vs is a triangulated 3-ball. This proves 
the first part of (i). The second part of (i) follows from the definition of * 67 , n . 

There is no vertex in £> 7jn which is a common neighbour of e[ and ej for 0 < i < 3 
and there is no vertex in £> 7jri which is a common neighbour of n 7 n and n 7)ri . This implies 
that the quotient complex T 7jn is a triangulated 3-manifold with boundary. Clearly, the 
boundary <9T 7jr i is the quotient £ 3 /^= T. Since the space |T 7]n | can be obtained from |£> 7 !n | 
by identifying the 2 -disc |£i| with the 2 -disc |£ 2 | (via the simplicial isomorphism from £1 to 
£ 2 given by u 7in t->- u' 7 n , e* i->- e[ for 0 < i < 4), |T 7 , n | is a solid torus. This proves (ii). 

Now, 012340 ~ 0162340 ~ 01602340 ~ 0160340 (see Figure 2a). Thus, a 7 = [c 7 ] = 
[012340] = [0160] + [0340] = a± + ( a.\ + a 2 ) = 2aq + a 2 . Let £ be the 2-disc in T 7tn 
corresponding to the 2-disc £1 in S 7:n . Then, c 7 is the boundary of £ and hence ce 7 = [c 7 ] = 0 
in 7 ri(T 7 in , 0 ). □ 

Example 3.13. Let A n = {a n}1 , a„ )2 , a n , 3 }, U 7 = {'« 7 ,n : n > 0}, V 7 = (u 7jn : n > 0}, 
W 7 = {w 7 )7l : n > 0} be as in Example 13.111 Let A = U n >o7l n . Take new (disjoint) sets of 
vertices 


B — U n > 0 -Bn — U n >o{ 6 n ,l, b n 2 , ^71,3}; £ — U n >oC n — U n >o{c nj i, C n 2 ,671,3}, 

Uj = {uj )U : n > 0}, Vj = {vj }U : n > 0}, Wj = {wj )U : n > 0} for 8 < j < 9. 

Let / and g be as in ([3.711 . Consider the following extensions of / and g (also denoted 
by / and g respectively) /, g : Z 7 U (Q U R U S) U (A U B U C) U (U® =1 (£/j U Vj U Wj)) —> 
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Z 7 U (Q U R U 5) U (A U B U C) u (U 9 i=1 {Ui U V t U Wi)) as : 


f(Uj,n) = Uj,n+l,f(Vj, n ) = V,>+1, f(Wj,n ) = Wj,n+1, for 7 < j < 9, U > 0, 
f(a n>i ) = a n+ i ti , f(b n ,i ) = b n+ i : i, /(c n ,j) = c n+M , for 1 < i < 3, n > 0 and 

9(V , 7,n') — ^8,2n; g('U>8,n) — ^9,2m 9iV'9,n) — ^7, 2m 9(V7,n) — ^8,2ni s(^8,ra) — ^9,2 m 
gfa,n) = V 7) 2n, g(w 7 ,n) = ™8,2n, g(w8,n) = ^9,2n, g(w g,n) = ^7,2n, for n > 0, 
gifliiji) = b'lri.l ■ 9(fin ,*) = C2n,ii g(Cn,i) = ®2n,ij 1 ^ i 5; 3, 71 ^ 0. (3.15) 

Then, g o / = f 2 o g. Let 

^8,o := g(T 7 : o), Tg } o := g 2 (T 7)0 ), 

Tj, n := f n (Tj, o) for n > 1 and j = 8,9. (3.16) 

For 7 < j <9 and n > 0, the number of vertices in T ]n is 7 + 3 + 3 = 13. □ 

Lemma 3.14. For n > 0, T 7:Tl defined in Example 13.111 and Tg )U , fii.n defined in Example 
13.131 satisfy the following. 

(i) Ti- m = Tj yU for 7 < i, j < 9 and m,n > 0. 

(ii) Tj_ n is a triangulated solid torus with boundary dTj )U = T for j = 8,9, n > 0. 

(iii) Let a\, ct 2 be as in Remark 13121 and ag = [cs],ag = [eg] £ 7 Ti(T, 0), where cs = 016420, 
eg = 025140 are loops in T . Then, a% = a 4 — a. 2 , ag = a\ + 2q;2 and aj = 0 in 
7Ti (T j>n , 0) for j = 8,9, n > 0. 

Proof. From the definition in (13.161) . T) im = T.;g = T 7 $ = Tyo = Tj jU for 7 < i,j < 9 and 
m,n > 0. This proves part (i). 

By part (i), Ty n = T 7 q. Therefore, by Lemma 13.121 (ii). Ty n triangulates the solid torus. 
Since f(T) = T = g(T) and dT 7 g = T, it follows that <9Ty n = T. This proves (ii). 

Observe that g(c 7 ) = g(012340) = 024610 = cs and g(cg) = eg, where cs denotes 
the loop cs with opposite orientation. Therefore, g*(a 7 ) = —as and 5 *(as) = ag, where 
g *: 7Ti(T, 0 ) —)• 7 Ti(T, 0 ) is induced by the map 5 . Therefore, as = —< 7 *(a 7 ) = — g*( 2 ai + 
02 ) = — 2 a 2 + (ai + 02 ) = ai — ag and hence ag = < 7 *(as) = g*(ai — 02 ) = a 2 + (ai + 02 ) = 
ai + 2 a 2 - This proves the first part of (iii). 

Since g: T 7; 0 —>• Fgy is an isomorphism, < 7 *: 7 Ti(r 7 i o, 0 ) —> 7 Ti ( 7 ^ 0 , 0 ) is an isomorphism. 
Therefore, as = g*(— a 7 ) = < 7 *( 0 ) = 0 in 7 ri( 7 s,o, 0 ). (In fact, cs is the boundary of the 
2-disc g(£) in Tgy, where £ is the 2-disc defined in the proof of Lemma T3.12I (iii).) Now, 
f n : Ts t o —t Tg, n is an isomorphism and f n (cg) = eg. This implies that as = [cs] = 0 in 
7 r i(Fs, n ,0). Similarly, ag = [eg] = 0 in ^(Tg^, 0). This completes the proof of (iii). □ 

Corollary 3.15. For n> 0, the solid tori T \, Tg, Tg defined in (13.21) . Ti >n , T-^nj Tg jTl defined 
in (13.51) . T 4 , n defined in (13.61) . Tq^ in (1.3,81) . T 7)Tl defined in (13.141) . Tg n , Tg :U defined 
in ()3. 161) satisfy the following. 

(i) Ti U Tj <n , Ti- m U Tj, n , Tf-m, U triangulate the 3-sphere S 3 for m, n > 0, ( i,j ) € 
{(1, 7),'(1, 8 ), (2, 8 ), (2,9),' (3, 7), (3,9)}, (k,l) € {(4, 7), (5, 8 ), ( 6 ,9)}. 
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(ii) TiUTj jn , Ti jm UTj in triangulate the projective space MP 3 for m,n>0, (i,j) G {(1,9), 
(2, 7), (3, 8 )}. 

(iii) m u t 8 , U Tq^yti U T'j ^yi triangulate the lens space 4 , 1 ) fov tyi , n + 0 . 

( iv ) T 4, m U Tg, n? ^5,m U l 7 . ri , l (i. 7 ri U triangulate the lens space L(5, 2) fov net , n ^ (J . 

( v ) 7V,m U T 8]n , Tg jm U Tg n , Tg m U T/ n triangulate the lens space L( 3,1) /or m,n> 0. 

(v) T/ m U Tj >n triangulates S 2 x S' 1 /or 7 < j <9 and m / n > 0. 

Proof. By similar arguments as in the proof of Corollary 13.101 all the simplicial complexes 
Ti U T/ n , Tfc jm U in the statement are triangulated 3-manifolds without boundary. 

(i), (ii) and (vi) follow by similar arguments as in Corollary 13.101 

The elements 04 , 07 , a 8 , a 9 £ 7Tl(T, 0 ) in Lemmas 13.7113.12113.141 satisfy the following : 


3cti + 0 L 2 — 

<u 4 

= 0 

in 7ri(T 4!m ,0) for 

all m > 0, 


2ai + 0.2 = 

a 7 

= 0 

in 7ri(T 7!m ,0) for 

all m > 0, 


Q!l - 

- «2 = 

a 8 

= 0 

in 7r 1 (T% nl , 0) for 

all m > 0, 


Q!l + 

2a 2 = 

ag 

= 0 

in 7ri(T 9!m ,0) for 

all m > 0. 

(3.17) 

as in Remark 13.21 

Then 

l, by Seifert-Van Kampen theorem, we have 


TTl (^4 ,to 

u T 8]n , 

,0) 

= 

({ai, a 2 }; {3a 4 + a 2 

, a 4 — a 2 }) 





= 

({a 4 , a 8 }; (4ai — a 8 , 

as}) — 2 4 , 

(3.18) 

TTl (^4 ,to 

U Tg n . 

0) 

= 

({a 4 ,a 2 }; {3a 4 + a 2 

, a 4 + 2a 2 }) 





= 

({a 4 , a 4 }; {4a 4 ,5aq - 

- 2a 4 }) = Z5, 

(3.19) 

TR (-r 7 , m 

U T 8]n , 

.0) 

= 

({ai, a 2 }; {2a 4 + a 2 

, a 4 — a 2 }) 





= 

({a 4 , a 7 }; (a 7 , 3a 4 - 

■ a 7 }) = Z 3 . 

(3.20) 


Bv 13.181 T 4 , m U Tg !n triangulates the lens space L(4,1) for m,n > 0. (iii) follows from 
this since g 2 : T 5im U T 9<n -S> r 4;4m U T 8j4ti , g: T 6 , m U T 7 , n ->• T 4 , 2m U T 8i2n are isomorphisms. 

Bv 13.191 T 4jm UT 9 , n triangulates the lens space L{ 5,2) for m,n > 0. (iv) follows from 
this since g 2 : T 5;m U T 7>n T 4;4m U T 9]4n , 5 : T 6 , m U T 8)n T 4j2m U T 9;2n are isomorphisms. 

Bv 13.201 T 7 !m UT 8jTl triangulates the lens space L(3.1) for m,n > 0. (v) follows from this 
since g 2 : T 8 , m U T 9>n T 7 , 4m U T 8;4n , 5 : T 7jm U T 9 , n -)■ T 8j2m U T 7j2n are isomorphisms. □ 

In the rest of this paper, we denote the vertex set of T, T), by V(T), V(Ti), V (Tj_ m ) 
respectively. 

4 Construction of equilibrium triangulations 

In (BROlj . Buchstaber and Ray showed that quasitoric manifolds have smooth structures. 
So, by results of Cairns in |Cai61j . any quasitoric manifold has a triangulation. But no 
explicit triangulations of a 4-dinrensional quasitoric manifold except CP 2 and S 2 x S 2 are 
known until now. Let M 4 be a quasitoric 4-manifold over an m-gonal 2-polytope P. By 
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Proposition 12.71 M 4 is homeomorphic to AqCP 2 #fc 2 CP 2 #ks(S 2 x S 2 ) for some k\, k 2 , k 3 > 0 
where the connected sum is non-equivariant. From Orlik and Raymond [ QR70] we have 


k\ + A )2 + 2 /C 3 + 2 = m. 


From Proposition 12.101 we know that k\CP 2 ffk 2 < CP 2 ffk^S 2 x S 2 ) has a triangulation whose 
number of vertices is 4 fei+ 4 A )2 + 6 A :3 + 5 < 4(Aq + k 2 + 2 ks) + 5 < 7 (ki+k 2 + 2 ks )+2 = 7m — 12 . 
Here, we are interested to construct triangulations of M 4 as quasitoric manifold. 

Generalizing the definitions in |BK92] , we introduce equilibrium set, zones of influence 
and equilibrium triangulations for all quasitoric manifolds. Let 

D 2n = {(z 1 ,...,z n )eC n :Z? = 1 \z i \ 2 ^l} 

be the closed unit 2n-ball. The boundary of D 2n is the unit sphere S’ 2 ” -1 . There is a natural 
action of T n on D 2n (resp., on S' 2n ~ 1 ) given by 

(h, ■ ■ (wi,.. .,w n ) = (hw 1 ,... ,t n w n ), 

where (ti,..., t n ) £ T n and (w \,..., w n ) £ D 2n (resp., 6 S 2 "^ 1 ). 

Definition 4.1. Let tt : M —> P be a quasitoric 2n-manifold over a simple n-polytope P. 
If a is the center of mass of P , then 7 r _ 1 (a) is said to be the equilibrium set of M. So, the 
equilibrium set is the T n -orbit of a point x £ 7 r _ 1 (a) and homeomorphic to the torus T". 

Definition 4.2. Let n : M —> P be a quasitoric 2n-manifold. A collection {Z \,..., Z m } of 
submanifolds of M is said to be a set of zones of influence if (i) M = Z\ U • • • U Z m , (ii) 
Zi n Zj = (dZj) n (dZj) for i j, (iii) each Z, L contains the equilibrium set, (iv) each Tr(Zi) 
contains exactly one vertex of P, and (v) each Z % is T n -invariant and is T n -equivariantly 
diffeomorphic to the closed unit ball D 2n . We also say that Z\ U • • • U Z m is a decomposition 
of M into m zones of influence. 

Definition 4.3. Let A be a triangulation of a quasitoric 2n-manifold M. Assume that 
/ : |A| —>■ M is a homeomorphism. The triangulation X is said to be an equilibrium 
triangulation if X = X\ U • • • U X rn for some subcomplexes X ±,..., X m of X such that 
{/(|Ai|),... , /(|A m |)} is a set of zones of influence. So, an equilibrium triangulation of M 
is a triangulation which triangulates M together with a set of zones of influence of M. 

Following the Lecture series jBP02| of Buchstaber and Panov, we discuss the rectangular 
subdivision of 2-polytopes. Let P C M 2 be a 2-polytope with m vertices V\. V 2 , ■ ■., V m and 
m edges E\ = V 1 V 2 ,..., E rn = V m V\. We will denote such P by V 1 V 2 ■ ■ ■ V m V\. Let O be an 
interior point of P. (For our purpose, we take O is the center of mass of P .) For 1 < i < m, 
let Ci be an interior point of the edge £). Let fl be the rectangle with vertices Vi,Ci,0, Ci-\. 
Observe that P = U™:,/,;, fl D /,;+] = CiO and fl Ij = O if \i — j\ >2, 1 < i,j < m. So, 
we have constructed a rectangular subdivision of P with m rectangles. We denote this cell 
complex by C(P). 

Let tt : M ( P , £) —> P be a quasitoric 4-manifold over a 2-polytope P with the character¬ 
istic function 

£ : {El, • • • 1 E m } —> Z 2 . 
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Figure 3: Examples of rectangular subdivision. 


Denote £(_Ej) by (£q,£i 2 ) 6 2 2 for i = Let C(P) be a cubical subdivision of P 

as describe above. Then, 7 r - 1 (Ij) is equivariantly homeomorphic to the 4-ball D 3 . The 
boundary of 7 r _ 1 (/j) is ir~ l (CiOCi-i) which is equivariantly homeomorphic to S 3 . The set 

7r _ 1 (/j) n vr _ 1 (/j_|_i) = 7r ~ l (Ii n I i+ 1 ) = 7r _ 1 (CjO) 

is equivariantly homeomorphic to the solid torus S 1 x D 2 . If |i — j | ^ 2, then the set 

7r _ 1 (Ij) n 7 r _ 1 (/j) = 7T _1 (/j n Ij) = 7 r _1 (0) 

is the torus T 2 and the set 7r~ 1 (C'jOC J ) is equivariantly homeomorphic to the lens space 
L{pij,qij), where 


Pij = det((£/!,£j 2 ), (£u,£j 2 )) and Qij = det((r, s), (£,,.£,.,)) 

for some (r, s) € Z 2 with det((r, s), (£j x , £j 2 )) = 1. Here q tJ is independent of the choice of 
(r, s) (cf. [QR70j ). 

From the construction of quasitoric manifolds it is clear that if = 0, then 7r _1 ( CiOCj) = 
S 1 x 5 2 and if \p l3 | = 1 then 7r _1 (C'jOC'j) = S 3 . Note that ir~ 1 (CiOCj) is the manifold ob¬ 
tained by gluing the solid tori S 1 x D 2 and S' 1 x D 2 via the map ip^ p . j q ..^ on the boundary. 
So, we construct a handle body decomposition of the manifold M(P , £) using the character¬ 
istic function and the cubical subdivision of P, namely, M(P ,£) = U™7r _1 (/j). We call this 
decomposition a cubical subdivision of M(P , £). 

A 10-vertex equilibrium triangulation of CP 2 is discussed in |BK92j . With the help of 
rectangular subdivisions of a 2-polytope P, we construct some equilibrium triangulations of 
M(P. £) in the remaining sections. 

5 Equilibrium triangulations of Hirzebruch surfaces: 

Let 7r : M —y P be a 4 -dimensional quasitoric manifold over a rectangle P = L1V2V3V4L1 
and £ : {V1V2, V2V3, V3V4, V\ V4} —> Z 2 be a characteristic function on P. By the definition 
of characteristic function, we may assume £(ViV^) = (— 1 , 0 ) and £(ViV4) = ( 0 ,- 1 ). So, 
£(L2L3) = (l, 1) and £(1/3V4) = (1 ,k) (up to sign) for some £,k G Z. Then, k£ — 1 = ±1. If 
k£ — l = — 1 , then = 0 . So, either k = 0 or £ = 0 . On the other hand, if k£ — 1 = 1 , then 
= 2. So, either fc = ±1 and £ = ±2 or k = ±2 and £ = ± 1 . In this section, we consider 
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the rectangular subdivision of P as in Figure 0J When £ = 0, we denote M by M^. For the 
characteristic function of Figure 01 we have 


7r _1 (C'iOC 3 ) = L(-k, 1) = L(k, 1) = L(k, 1), 

tt~ 1 {C 1 OC 2 ) = t r _1 (C 2 OC3) = ^ _ 1 (C 30 C 4 ) = tT^CiOCi) = S 3 , and 
vr-^CsOQ) = T(0, 


(l.fc) 


14 


( 0 , 1 ) - 


p 

0 


Cr 


^3 


( 0 ,- 1 ) 


Vi (-1,0) 


f 2 


Figure 4: Characteristic functions of rectangle. 

We recall the number of vertices of solid tori of Section 01 By Example 13.11 /o(Tj) = 
/o(T) = 7 if 1 < i < 3. By Example 13.31 fo(Tj n ) = /o(T) + 2 if 1 < j < 3, 0 < n < 6 
and fo(Tj, n ) = fo(T) + 3 if 1 < j < 3, n > 7. By Example ESI fo(Tj, n ) = fo{T) + 10 if 
4 < j < 6, n > 0. By Example 13.131 ,/o(Tj. n ) = /o(T) + 6 if 7 < j < 9, n > 0. 

By our assumption for any k G Z, M*. is a smooth projective surface, called Hirzebruch 
surface , see Example 12.61 In this subsection, we construct equilibrium triangulation of 
Hirzebruch surface Mj~ for \k\ < 4. 

Example 5.1. For k = 1, L(—k, 1) = S' 3 . Consider triangulations T\ for ^r 1 (C'iO), T 2 for 
7 T _1 ((7 2 0), T 3 for 7 r _ 1 (C , 30 ) and T 2 , 7 for ■n^iC^O). Then, by Lemma [3~4l T\ U T 2 , T 2 U T 3 , 
T 3 UT 2 J, T 2 jUTi, T 1 UT 3 and T 2 UT 2i7 triangulate 7 r _ 1 (CiOC' 2 ), 7 r _1 (CROC's), 
tt~ 1 (CiOC^), TT~ l {CiOC"i) and tt~’ (C 2 OC/f) respectively. Consider the cone 7 r _ 1 (/j) over 
■K~ l (Ci-iOCi) with apex Vj for 1 < i < 4 (addition is modulo 4). This implies 

^ 5 T] = (V 2 * (Ti U T 2 )) U (C 3 * (Ta u T 3 )) U (14 * (T 3 U T 2>7 )) U (Vj * (T 2J U Ti)) 

is a triangulation of M\ with /o(^{ 5 j]) = 7 + 3 + 4 = 14. Since the minimum number 
of vertices require for a triangulation of S 1 x S 2 is 10 (cf. [ BD08j ). any triangulation of 
7 t _ 1 (C' 2 OC' 4 ) needs 10 vertices. This implies that T[y~jj is a vertex minimal equilibrium 
triangulation of M\. The case k = — 1 is identical. 

Example 5.2. For k = 2, L(—k,l) = MP 3 . Consider triangulations T 2 for 7 r 1 (C'iO), T\ for 
7 t _ 1 (C' 2 0 ), T 7j 0 for 7 t _ 1 (C' 3 0 ) and Ti j7 for 7 r _ 1 (C' 4 0 ). Then, by Lemma 13.41 and Corollary 
13.151 Tj U T 2 , Ti U T 7 .q, T 7i 0 U Ti j7 , T 2 U Ti j7 , T 2 U T 7 q and Ti U Ti j7 triangulate 7r — 1 (C , iOC , 2 ), 
vr-^CsOCs), TT-^CfcOC!*), ^(CrOC^), vr-^CiOCa) and tt^^OQ) respectively. Con¬ 
sider the cone 7 r _ 1 ( 4 ) over n~ 1 (Ci-iOCi) with apex Vj for i = 1 , 2 ,3,4 (addition is modulo 
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4). This gives 


-^ fQl = (Li * (Ti U T 2 )) U (V 3 * (Ti U T^o)) U (V 4 * (T 7! o U Tij)) U (Li * (Tij U T 2 )) 

a triangulation of M 2 with /o(-X jg^l ) = 7 + 6 + 3 + 4 = 20. The case k = — 2 is identical. 

Example 5.3. For k = 3, L(— k, 1) = L(3,1). Consider triangulations T 2 for 7 r 1 (C'iO), 
Ti for 7 T —1 ((7 2 (7), T 4 0 for 7 r _ 1 (C , 30 ) and Tj for 7r _1 (C4(7). Then, by Remark 13.21 Lemma 
13.41 and Corollary 13.101 we get that Ti U T 2 , T\ U T^o, T 4j o U Tij, T 2 U Ti j7 , T 2 U T 4i o and 
Ti UTi )7 triangulate ^(CiOC^), vr-^OCs), ^- 1 (C' 3 OC 4 ), ^(CiOCi), ^(CiOCs) 
and 7 T _1 (^O^) respectively. Now, consider the cone 7 r - 1 (/j) over 7 r _ 1 (Ci_i( 7 ( 7 j) with 
apex Vi for i = 1,2,3,4 (addition is modulo 4). This gives 

^ f+3l = (y% * (^1 u ^ 2 )) U (V 3 * (Ti U T4 i0 )) U (14 * (T^o U Tij)) U (Li * (Tij U T 2 )) 

is triangulation of M 3 with /o(-^ fg 3 | ) = 7 + 3 + 10 + 4 = 24. The case k = —3 is identical. 

Example 5.4. For k = 4, L{—k, 1) = L(4,1). Consider triangulations T 4j o for 7 r 1 (OiO), 
Ti for 7 T —1 (O 2 O), Tg Q for n^iC^O) and T\j for ^^(CiO). Then, by Lemma [3.41 and 
Corollaries 13.101 13.151 we get that T) U T 4 ) o, T\ U Tg.o, Tgo U Ti j7 , T 4j o U Tg.o and Ti U 
T\ j triangulate ^(CiOC^), 7r- 1 (C 2 OC , 3 ),’ tt " 1 ( 03064 ), ^(CiOCi) tt- 1 (C7 1 OC , 3 ) and 
7r- 1 (<7 2 0(74) respectively. Now, consider the cone 7 r^ 1 (/j) over 7 r _ 1 (( 7 j_iO( 7 i) with apex Li 
for i = 1, 2, 3,4 (addition is modulo 4). This gives 

^ PTTTI = (V 2 * (Ti U T 4 j o)) U (V 3 * (Ti U Tg j0 )) U (L 4 * (T 8; o U Ti j7 )) U (Li * (Ti j7 U T 4)0 )) 

is an equilibrium triangulation of M 4 with /o (^{+ 4 ]) = 7 +10+ 6 + 3 + 4 = 30. The case 
A: = —4 is identical. 

Example 5.5. If k = 0, then L(—k, 1 ) = S 1 x S 2 and Mq is equivariantly homeomorphic 
to S 2 x S 2 . Consider triangulations Ti for 7 t _ 1 (( 7 i( 7 ), T 2 for ir~ 1 (C20), 7 +7 for 7 r _ 1 (( 73 ( 7 ) 
and T 2 j for 7 r _ 1 (( 74 ( 7 ). Then, by Remark 13.21 and Lemma 13.41 we get that Ti U T 2 , T 2 U 
T\i , Ti j7 U r 2>7 , Ti U T 2)7 , Ti U Ti 7 and T 2 U T 2)7 triangulate 7 r ^CiOCi), 7 r 1 (( 720 ( 7 3 ), 
tt-^CsOQ), tt-^CiOQ), tt-^CiOCs) and i:~ 1 {C20C/i) respectively. Now consider the 
cone 7 r _ 1 (/j) over 7 r _ 1 (( 7 i_i( 7 ( 7 j) with apex Li for 1 = 1,2,3,4 (addition is modulo 4). This 
gives that 

Tf 77 )l = (Li * (Ti U T 2 )) U (L 3 * (T 2 U Tij)) U (L 4 * (Tij U T 2j7 )) U (Li * (Ti U T 2>7 )) 

is an equilibrium triangulation of Mq with /o(^ f 53 | ) = 7 + 3 + 3 + 4 = 17. 

Question 5.6. Find a vertex minimal equilibrium triangulation of the Hirzebruch surface 
Mfc when |fe| = 2,3,4. 

Question 5.7. Find an equilibrium triangulation of the Hirzebruch surface when \k\ > 5. 
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6 Equilibrium triangulations of quasitoric 4-manifolds over 
pentagons: 

Let 7 r : M —> P be a 4-dimensional quasitoric manifold over a pentagon P = V± ■ ■ • V 5 V 1 
and £ : {V 1 V 2 , • • •, V^V^ViVfj} —> Z 2 be a characteristic function on P. By the definition 
of characteristic function, we may assume £(Vi V 2 ) = (—1,0) and ^(V^Vs) = (0,-1). So, 
f (V3V4) = (l.jfe) and £(Vi V 5 ) = (^, 1) (up to sign) for some £, k £ Z. Let £(14V 5 ) = (a, b). 
Then, a — £b = ±1 and ak — b = ±1. For computational purpose, we assume that 

a — b£ = 1 and b — ak = 1 . ( 6 - 1 ) 

Thus, o and b are rational functions of k,£ if kl 7 I 1. In this case we denote M by 
If kl = 1, then (. k , t?) = (1,1) or (fc, £) = (—1, —1). Since a—bl = 1 = b—ak, (. k , £) 7 ^ ( 1 , 1 ). 
Thus {k,£) = (—1, —1). In this case, M is denoted by Mnj. 

Lemma 6.1. There is an (a, 6 ) £ Z 2 szm/i that a — £b = 1 and b — ak = 1 if and only if 
k = —1,0 or £ = —1,0 or (k,£) € {(3,1), (2,1), (2, 2), (1, 2), (1, 3)}. 

Proof. Let A = { (k. £) : k = —1,0 or £ = —1,0 or (k, £) € {(3,1), (2,1), (2, 2), (1, 2), (1,3)}}. 
It is clear that if (k,£) £ A, then a — £b = 1 and b — ak = 1 has a solution in Z 2 . 

For the converse, let B be the compliment of A in Z 2 . Then 

B = {(1,1)} U {(k,£) : k < -2,1 > 1} U {(k,£) : k < —2,£ < -2} U {(k,£) :k> 1,£ < 
-2}U {(k,£) : k > 1,£ > 4} U {(k,£) : k > 2,£ > 3} U {(k,£) : k > 3,£ > 2} U {(k,£) : k < 
4,^>1}. 

If (k,£) = (1,1), a — £b = 1 and b — ak = 1 has no solution in Z 2 . Let k < — 2,£ > 1. 
Then, k£ < —2£. So, 1 — k£ > 2£ + 1 > £ + 1 > 0. This implies 1 > a = > 0. Similarly, 

we can show that for any (fc, £) £ B, a — £b = 1 and b — ak = 1 has no solution in Z 2 . □ 

In this section, we consider the rectangular subdivision of the pentagon as in Figure [5j 
For the characteristic function of Figure [5j we have 

Tr~ 1 {C i OCi +1 ) 7 t _ 1 (C'iOC' 5 ) for 1 < i < 4, 

7 T _1 (CiOpCs) = L(k, 1), 7 r _ 1 (C'iOC , 4 ) = L(b, —a) = L(b, a) = L(b, a), 
vr -\C 2 OC 4 ) = L(a,b ), 7r - 1 (<7 2 OC 5 ) = L(£, 1) and vr-^CgOCs) = L(£k 


Lemma 6.2. The manifold Mis b-equivariantly homeomorphic to where 5 is the 
automorphism of T 2 obtained by flipping the coordinates. Moreover, this homeomorphism 
induces a bijective correspondence between the equilibrium triangulations of the Hirzebruch 
surfaces Alkj and M( ^. 

Proof. Consider the reflection of the pentagon which fixes V 2 . Then, the first claim of 
the lemma follows from Proposition 12.41 and Equation (16.ip . Since the automorphism <5 
of T 2 interchange the coordinates of T 2 , the 5-equivariant homeomorphism preserves the 
equilibrium set, zones of influence and the boundary of zones of influence. Thus, the second 
claim follows. □ 
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Figure 5: Characteristic functions of pentagon. 


We recall the number of vertices of solid tori of Section El By Example 13.11 fo(T t ) = 
/o(T) = 7 if 1 < i < 3. By Example 13.31 fo(T jn ) = /o(T) + 2ifl<j<3,0<n<6 
and fo(T jjn ) = / 0 (T) + 3 if 1 < j < 3, n > 7. By Example ESI fo{Tj, n ) = fo(T) + 10 if 
4 < j < 6 , n > 0. By Example 13.131 fo(Tj, n ) = /o(T) + 6 if 7 < j < 9, n > 0. Under the 
assumption in the beginning of this section, the following examples are possible complex 
projective surfaces over the pentagon with —3 < k,£ < 3 and —4 < a < 4. Note that the 
corresponding characteristic function in the following examples is complete. 

Example 6.3. Let (k,£) = (—1,0). Then, (a, b) = (1,0). Now L(k, 1) = L(— 1,1) = 
S 3 , L{b,a ) = L(0,1) ^ 5 1 x S 2 , L(a,b) = L{ 1,0) =* S 3 , L(£, 1) = L(0,1) ^ S 1 x 5 2 , 
L{£k — 1, —£) = L(—l, 0) = S 3 . 

Consider triangulations T\ for 7 r - 1 (CiO), T 2 for 7 r _ 1 (C , 20 ), T 3 for T\j for 

7 T _1 (C 4 O) and T- 2 j for 7 r _ 1 (C , 50 ). Then, by Remark 13.21 and Lemma 13.41 we get that 
T\ U T 2 , T 2 U T 3 , T 3 U Tij, T\ j U T 2i7 , T 2)7 U T\ triangulate 7 T — 1 (C'iOC 2 ), vr _1 (C 2 OC 3 ), 
7 r- 1 (C' 3 OC' 4 ), TT ” 1 (CROC's), vr-^CiOCs) respectively and T 1 UT 3 , TjUTij, T 2 UTi, 7 , T 2 UT 2)7 , 
T 3 UT 2 , 7 triangulate ^(C^OCa), tt-^CiOQ), 7r- 1 (C , 2 OC 4 ), tt " 1 (CROC's), 7 r- 1 (C 3 OC' 5 ) 
respectively. This implies that 

-Xjgj = (U 2 * (Ti ur 2 )) u (V 3 * (T 2 UT 3 ))U 04 * (r 3 ut 1j7 )) u (V 5 * (t 1 j 7 ut 2 , 7 )) u (Ui * (Ti ur 2>7 )) 

is an equilibrium triangulation of M _ 4j 0 with /o(^ fgj 3 | ) = 7 + 3 + 3 + 5 = 18. 

Since the minimum number of vertices require for a triangulation of S 1 x S 2 is 10 (cf. 
BDOX ). any triangulation of vr _ 1 (C'iOC 4 ) and -k^IC^OC^) needs 10 vertices. This implies 
that A jjyyr| is a vertex minimal equilibrium triangulation of +/_ 10 . 

Example 6.4. Let (k,£) = (1,-1). Then, (a, b) = (0,1). Now, L(k, 1) = L(l,l) = S’ 3 , 
L(b, a) = L{ 1,0) = S 3 , L(a, b) = L{ 0,1) = S 2 xS 1 , L{£, 1) = L(-l,l) = S 3 , L{k£- 1,-i) = 
L(-2,1) = MP 3 . 

Consider triangulations T\ for 7 r _ 1 (C'iO), T 3 for tt~ 1 (C20), T 2 for T 3j7 for 

7 r _1 (C 4 O) and T 7j 0 for 7 r _ 1 (C 50 ). Then, by Remark [3721 Lemma 13.41 and Corollary 13.151 we 
get that T 1 UT 3 , T 3 UT 2 , T 2 UT 3 , 7 , T 3 i 7 UT 7i0 , T 7 j 0 UTi triangulate 7r~ 1 (C'iOC 2 ), 7 r' 1 (C , 20 C' 3 ), 
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7 T _1 (C 3 OC 4 ), 7 i= 1 (C 4 OC' 5 ), 7 r _ 1 (C'iOC 5 ) respectively and TiUT 2 , TiUT 3)7 , T 3 UT 3i7 , T 3 UT 7 , 0 , 
r 2 UT 7 , 0 triangulate tt-^C'iOC's), 7r- 1 (CiOC' 4 ), tt- 1 (C 2 OC' 4 ), tt " 1 (CROC's), 7 t- 1 (C 3 OC' 5 ) 
respectively. This implies that 

- %~T1 = (^2 * (Ti UT 3 )) U (V 3 * (T 3 UT 2 )) U (14 * (T 2 UT 3;7 )) U (V 5 * (T 3i7 UT 7 i o)) U (Vi * (T 7j0 UTi)) 

is an equilibrium triangulation of M\_\ with /o( ^g~n ) = 7 + 3 + 6 + 5 = 21. 

Example 6.5. Let (k , £) = (—2, —1). Then, (a, b ) = (0,1). Now L(k, 1) = L(— 2,1) = MP 3 , 
L(b, a) = L{ 1,0) =* S 3 , L(o, 6) = L{ 0, 1) ^ S 1 x S 2 , L(C 1) = L(-l, 1) =* S 3 , L(k£ — 1, -£) = 
L( 1,-1) = S 3 . 

Consider triangulations T 2 for 7 r^ 1 (C'iO), T 4 for 7 r _ 1 (C' 2 0 ), T 7j o for 7 r _ 1 (C' 3 0 ), Tj for 
7 t _ 1 (C' 4 0 ) and T 3 for tt^IC^O). Similarly, as in Example 16.41 we can show that 

^63] = (Va * (T 4 UT 2 )) U (V 3 * m UT 7 > o)) U (E 4 * (T 7 , 0 UT 1>7 )) U (V 5 * (T 1 ) 7 UT 3 )) U (VI * (T 2 UT 3 )) 

is an equilibrium triangulation of M _ 2j _ 4 with /o(^ f+ 5 ] ) = 7 + 6 + 3 + 5 = 21. 

Example 6 . 6 . Let (/e,£) = (2,-1). Then, (a, 6 ) = (0,1). Now L(k, 1) = L(2,1) = MP 3 , 
L( 6 , a) = T(1,0) = S 3 , L(a,b ) = T(0,1) = S 1 xS 2 , L(£, 1) = T(-l,l) “ S 3 , L(k£-l,-£) = 
L(—3, 1) = L(3,1). 

Consider triangulations T 2 for 7 r _ 1 (CiO), T 3]7 for 7 t^ 1 (C' 2 0 ), T 7j 0 for 7 r _ 1 (C' 3 0 ), T 3 for 
7 t _ 1 (C 4 0 ) and T 9 .o for 7 t _ 1 (C 50 ). Then, by Remark [3721 Lemma HO and Corollary 13.151 we 
get that T 2 U T 3 , 7 , T 3 j U T 7j0 , T 3 U T 7;0 , T 3 U T 9j0 , T 2 U T 9i0 triangulate ^(CiOC^), 
7 t _ 1 (C' 2 OC' 3 ), 7 t _ 1 (C' 3 OC' 4 ), vr^ 1 (C' 4 OC , 5 ) respectively and T 2 U T 7)0 , T 2 U T 3 , T 3 U T 3>7 , 
73 , 7 UT 9i0 , T 7i0 UTg i0 triangulate 7 r _ 1 (CiOC' 3 ), ^(CiOC*), 7 r _ 1 (C' 2 OC' 4 ), 7 r _1 (CROC's), 
7 r _ 1 (C' 3 OC , 5 ) respectively. This implies that 

= (^ / 2*(72UT 3 ! 7 ))U(V r 3 *(T 3 j 7 UT 7 ) 0 ))U(V 4 *(T 7 j oUT 3 ))U(V r 5*(T 3 UT9 j o))U(Vi*(T 2 UT9 i o)) 

is an equilibrium triangulation of M 2j _ 4 with /o (^ f676l) = 7 + 3 + 6 + 6 + 5 = 27. 

Example 6.7. Let (k,£) = (-3,-1). Then, (a, 6 ) = (0,1). Now L(k, 1) = L(— 3,1) = 
L(3,1), L(b,a ) = L(l, 0) =* S 3 , L{a,b ) = L(0,1) ^ S 1 x S 2 , T(£,l) = L(-l,l) ^ S 3 , 
L(k£ - 1, -^) = L(2,1) “ MP 3 . 

Consider triangulations T 9 ,o for 7 r _ 1 (C'iO), T 3 for 7 r _ 1 (C 2 0 ), T 7j o for 7 t _ 1 (C 3 0 ), T 3j7 for 
7 r _ 1 (C' 4 0 ) and T 2 for 7 r” 1 (C , 50 ). Similarly as in Example 16.61 we can show that 

- %+! = (E 2 ^T 3 UT 9 ,o))U(E 3 ^T 3 UT 7 ; o))U(E 4 ^r 3 , 7 UT 7 i o))U(E 5 *(r 2 UT 3 ) 7 ))U(Ei*(r 2 ur 9 ,o)) 

is an equilibrium triangulation of M_ 3 .-i with /o(^ %+l ) = 7 + 6 + 6 + 3 + 5 = 27. 

Example 6.8. Let (k,£) = (3,-1). Then, (a, 6 ) = (0,1). Thus, T(/c, 1) = T(3,1), L(b,a) = 
L( 1,0) = S 3 , L(a, b) = T(0,1) ^ S 1 x S 2 , L{£, 1) = L(-l,l) = S 3 , +(£;£- 1,-1) = 
L(-4,1) + L(4,l). 

Consider triangulations T 7i o for 7 r _ 1 (C'iO), T\j for 7 r _ 1 (C' 2 0 ), T 3i o for 7 r _ 1 (C' 3 0 ), Ti for 
7 r _ 1 (C 4 0 ) and T 4 ,o for 7 T _ 1 (C 50 ). Then, by Remark 13.21 Lemma 13.41 Corollary 13.101 and 
Corollary [3T5J we get that Ti j 7 UT 7 j o, TijUT^o, TiUT^o, TiUT 4 j o, T 4 j oUT 7j o triangulate 
7 t _ 1 (C'iOC' 2 ) 7 t _ 1 (C' 2 OC' 3 ), 7 t _ 1 (C' 3 OC 4 ), 7 t —1 (C 4 OC f 5 ) respectively and T 7 j oUT§ o, TiUT 7 j o, 
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Ti U Tij, Tij U T 4 i o, T 4j0 U T 8j0 triangulate vr 1 (C'iOC' 3 ), it 1 (C'iOC' 4 ), vr 1 (C 2 OC' 4 ), 
vr -1 (CROC's), 7 r _1 (CROC's) respectively. This implies that 

= (^2*(2 n i,7UT7 ] o))U(V r 3*(Ti ) 7UT 8 ! o))U(V 4 *(TiUT 8 i o))U(V5*(TiUT 4 ! o))U(Vi*(T 4 i oUT 7 i o)) 

is an equilibrium triangulation of M 3i _ 4 with /o(^ [g^ 8 l ) = 7 + 3 +10+ 6 + 6 + 5 = 37. 

Example 6.9. Let (/c,7) = (0,0). Then, (o, b) = (1,1). Now L(k,l) = L{ 0,1) = S 2 x S 1 , 
L(b, a) = L( 1,1) “ S 3 , L(a,6) = L(l, 1) = S 3 , 1,(7,1) = L(0,1) “ S 1 x S 2 and L(£k - 
1,-7) = L(—1,0) ^ S 3 . 

Consider triangulations T 4 for 7 r _ 1 (CiO), T 2 for 7 r _ 1 (C' 2 0 ), T 4j 7 for 7 r“ 1 (C' 3 0 ), T 3 for 
7 r _ 1 (C' 4 0 ) and T 2j7 for 7 r _ 1 (C , 50 ). Then, by Remark 13.21 and Lemma 13.41 we get that 
T\ U T 2 , T -2 U Ti j7 , T 4j 7 U T 3 , T 3 U T 2 ; 7 , T 4 U T 2j 7 triangulate 7 t _ 1 (C'iOC' 2 ), 7 r _ 1 (C 2 OC , 3 ), 
7 r _ 1 (C' 3 OC 4 ), 7 r^ 1 (C' 4 OC , 5 ), 7 r _ 1 (C'iOC' 5 ) respectively and TiUTij, T 1 UT 3 , T 2 UT 3 , T 2 UT 2j7 , 
Ti i 7 UT 2)7 triangulate ^{CxOCz), CiOC 4 ), ^- 1 (C 2 OC 4 ), ^(CiOC's), ^(CgOCs) 

respectively. Now consider the cone 7 r _ 1 (/j) over 7 r~ 1 (C'j_i)C'i) for 1 < i < 5 (addition is 
modulo 5). This implies that 

* ( T 1 ur 2 )) u (V 3 * (T 2 UTij)) U (+ 4 * (T 3 UT 1 , 7 ))U (Vs * (T 3 UT 2j7 )) U (V) * (T 4 UT 1j7 )) 

is an equilibrium triangulation of Mo,o with /op ^+Ql ) = 7 + 3 + 3 + 5 = 18. 

Since the minimum number of vertices require for a triangulation of S 1 x S ' 2 is 10 (cf. 
I>I) 0 S i. any triangulation of 7 r _ 1 (C'iOC , 3 ) and 7 r _1 (CROC's) needs 10 vertices. This implies 
that A jijiji is a vertex minimal equilibrium triangulation of A/q.o ■ 

Example 6.10. Let (k,£) = (1,0). Then, (a, 6 ) = (1,2). Now, L(k, 1) = L(l, 1) “ S 3 , 
L( 6 , a) = L(2,1) + MP 3 , L(a, 6 ) = L(l,2) = L(1,0) + S 3 , L(7, 1) = L(0,1) “ S 1 x S 2 , 
L(7fc-l,-7) = L(-1,0) + S 3 . 

Consider triangulations T 2 for 7 r _ 1 (C'iO), Tf for 7 t _ 1 (C' 2 0 ), T 3 for 7 r _ 1 (C , 30 ), T 7j o for 
7 r _ 1 (C' 4 0 ) and I + 7 for 7 r _ 1 (C 50 ). Similarly, as in Example 16.91 we can show that 

101 = (17 2 *(TiUT 2 ))U(V3*(TiUT3))U(L 4 *(T 3 UT7 i o))U(V5*(T7 i oUTi i 7))U(Vi *(T 2 UTi j7 )) 

is an equilibrium triangulation of M 4j o with /o(+ f(J 7 [(Jl ) = 7 + 6 + 3 + 5 = 21. 

Example 6.11. Let (k,£) = (—2,0). Then, (a, b) = (1,-1). Now, L(k, 1) = L{— 2,1) = 
MP 3 , L(b, a) = L{ 3,1), L(a, b) = L(l, 3) ^ S 3 , L {£, 1) = L( 0,1) =* S 1 x S 2 , L(kt - 1, -7) = 
L(—1,0) = S 3 . 

Consider triangulations T 7) o for 7 r _ 1 (C'iO), T 3i7 for 7 r _ 1 (C' 2 0 ), T 2 for 7 r _ 1 (C' 3 0 ), for 
7 t _ 1 (C 4 0 ) and T 3 for tt~ 1 (C§0). Similarly, as in Example 16.61 we can show that 

7 +3 + 11 = (V 2 *(T7 ) oUT3 ! 7))U(C3*(T 2 UT3 ! 7))U(C 4 *(T 2 UT9 ! o))U(E5*(T3UT9 j o))U(Ei*(T 3 UT , 7 j o)) 

is an equilibrium triangulation of M _ 2 ,0 with /o(A fQqll ) = 7 + 6 + 3 + 6 + 5 = 27. 

Example 6.12. Let ik,l) = (2,0). Then, (a,b) = (1,3). Now, L(k, 1) = L(2,1) + MP 3 , 
L(b,a ) = L(- 1,1) =* S 3 , L(a, 6 ) = L(l,-1) = S 3 , L(7,1) = L(0,1) = S 1 x S 2 , L(/t7 - 
1,-7) = L(—1,0) = S 3 . 
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Consider triangulations T 2 for 7 r 1 {C\0), T 3)7 for 7 r 1 (C-20), T 7i o for 7 r 1 (C^O), T\ for 
7 T —1 (C 4 O) and T 3 for Similarly, as in Example 16.61 we can show that 

^6.121 = (^*(T 2 UT 3 i 7 ))U(E 3 *(T 3 i 7 UT 7 ,o))U(E 4 *(r 7 ,oUTi))U(E 5 *(T 1 UT 3 ))U(Ei*(T 3 UT 2 )) 

is an equilibrium triangulation of M 2j o with /oP ^+Lil ) = 7 + 3 + 6 + 5 = 21. 

Example 6.13. Let ( k ,£) = (—3,0). Then, (a, b) = (1,-2). Now L(k, 1) = L{— 3,1) = 
L(3,1), L(6, a) = L(—2,1) + MP 3 , L(a,6) = L(l,-2) + S 3 , L(C 1) = L(0,1) + S 1 x S 2 , 
— 1, —£) = L(-1,0) =* S 3 . 

Consider triangulations T 7) 0 for 7 r _ 1 (C'iO), T 3 for 7 r^ 1 (C' 2 0 ), Tg^o for 7 r _ 1 (C' 3 0 ), T 2 for 
i{- l (C/±0) and T 3;7 for 7 t _ 1 (C 50 ). Similarly as in Example 16.61 we can show that 

^6.131 = ( 1 ^*( 2 7 ,oUT 3 ))U(V 3 *(T 3 UT 9 i o))U(V 4 *(T 2 UT 9 i 0 ))U(V 5 *(T 2 UT 3 i 7 ))U(Ci*(T 3 j 7 UT 7 j o)) 

is an equilibrium triangulation of M _ 3; 0 with /p(N [gq 3 l ) = 7 + 6 + 6 + 3 + 5 = 27. 

Example 6.14. Let ( k ,£) = (3,0). Then, (a, b) = (1,4). Now L(k, 1) = L(3,1), L( 6 , a) = 
L(4,1), L(a, 6 ) = L(l, 4) + S 3 , L{£, 1) = L(0,1) + S 1 x S 2 , L{kl - 1 ,-£) = L(- 1,0) + S 3 . 

Consider triangulations T^o for 7 r _ 1 (C'iO), T\ for 7 t _ 1 (C' 2 0 ), T 7j 0 for 7 t _ 1 (C' 3 0 ), T 4 ) o for 
7 r _1 (C 4 O) and T] j for 7 r _ 1 (C 50 ). Similarly as in Example 16.81 we can show that 

| || = (E 2 *(21UT 8j o))U(V 3 *(TiUT 7j o))U(V4*(T4 i oUT 7] o))U(V5*(TijUT4 i o))U(1i*(Ti )7 UT8 ! o)) 

is an equilibrium triangulation of M 3j o with fn (16.1411 = 7 + 6 + 6 +10+ 3 + 5 = 37. 

Now assume (k,£) = (-1,-1). Then, a + b = 1. By the same argument as before, 
we can assume that a < b. So, assume that b > 0. Here we are considering the cases 
(a, 6 ) = (0,1), (-1,2), (-2, 3) and (-3,4). 

Example 6.15. Let ( k ,£) = (-1,-1). Then, a + b = 1. Suppose (a, 6 ) = (0,1). Now 
L(k,l) = L(— 1 , 1 ) = S 3 , L(b, a) = L( 1,0) = S 3 , L(a,b ) = L(0,1) “ S 1 x S 2 , L(£,l) = 
L(—l, 1) =* S 3 , L(k£ - 1, -£) = L(0,1) ^ S 1 x S 2 . 

Consider triangulations T\ for 7 r _ 1 (C'iO), T 3j7 for 7 r _ 1 (C' 2 0 ), T 2 for 7 r^ 1 (C' 3 0 ), T 3 for 
7 r _1 (C 4 O) and T 2j7 for 7 t _ 1 (C 50 ). Similarly, as in Example 16.91 we can show that 

1 51 = (V 2 *(TiUT 3 ! 7 ))U(V 3 h=(T 3 ! 7 UT 2 ))U(V4*(T 2 UT 3 ))U(V5*(T 3 UT 2 i 7 ))U(1 1 *(TiUT 2j7 )) 

is a vertex minimal equilibrium triangulation of Mgg 1 with /o(^[ 6 + 5 ]) = 7 + 3 + 3 + 5 = 18. 

Example 6.16. Let (k,£) = (-1,-1). Then, a + b = 1. Suppose (a, b) = (—1,2). Now 
L(k, 1) = L(-Ll) + S 3 , L(b,a) = L{ 2,-1) + MP 3 , L(a,b) = L(- 1,2) + S 3 , L(£, 1) = 
L(—1,1) = S 3 , L{kt - 1, -£) = L(0,1) ^ S 1 x S 2 . 

Consider triangulations Ti for 7 r _ 1 (CiO), T 3 for 7 t _ 1 (C' 2 0 ), T 2 for 7 r _ 1 (C' 3 0 ), Tg^ for 
7 T _1 (C 4 O) and T 2;7 for 7 t _ 1 (C 50 ). Similarly as in Example 16.81 we can show that 

2 +i. 161 = (^2*(7 1 iUT 3 ))U(V 3 *(T 3 UT 2 ))U(L4*(T 2 UT9 i o))U(V r 5*(T9 i oUT 2 ] 7 ))U(Li *(T 2 ] 7 UTi)) 

is an equilibrium triangulation of the Mg 3)2 with /o(^g+ 6 l) = 7 + 6 + 3 + 5 = 21. 
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Example 6.17. Let (k,£) = (-1,-1). Then, a + b = 1. Suppose (a, 6 ) = (—2,3). Now 
L(/c, 1) = L(—1,1) “ S 3 , L(b, a) = L{ 3, -2) =* T(3,1), L(o, b) = L{- 2,3) “ MP 3 , L(7, 1) = 
L(—1,1) = S 3 , L(k£ - 1, -l) = L( 0,1) “ S 1 x S 2 . 

Consider triangulations Tjq for 7 r _ 1 (C'iO), T 3 for ^^(C^O), Ti for 7 r _ 1 (C , 30 ), Tg.o for 
7 r _1 (C 4 O) and T] j for 7 r _ 1 (C 50 ). Similarly as in Example 16.81 we can show that 

^ H6.17l = (^ / 2*(27 ) oUT3))U(V r 3*(T3UTi))U(V4*(TiUT8 ! o))U(V5*(Tg ) oUTi.7))U(Vi*(Ti j 7UT7 i o)) 

is an equilibrium triangulation of with /o(^ jgq7l ) = 7 + 6 + 6 + 3 + 5 = 27. 

Example 6.18. Let (k, £) = (-1,-1). Then, a + b = 1. Suppose ( 0 , 6 ) = (—3,4). Now 
L(k, 1) = L(—1,1) = S 3 , L(b,a ) = L(4, -3) = L(4,l), L(a, 6 ) = L(-3,4) + T(3,l), 
L{£, 1) = L(—1,1) + S' 3 , L(kl - 1, -£) = L( 0,1) + S 1 x S 2 . 

Consider triangulations T 40 for 7 r _ 1 (C'iO), T 7 ) o for 7 r _ 1 (C , 20 ), Ti for 7 t _ 1 (C , 30 ), T^o for 
7 r _ 1 (C , 40 ) and T\ j for 7 r _ 1 (C , 50 ). Similarly as in Example 16.81 we can show that 

^6.181 = (^2*(r4 I oUT7 i o))U(K3*(T7 i oUTi))U(\7 4 *(riUT 8 i o))U(V r 5*(T 8 i oUri i r))U(\7i*(Ti i 7UT4 i o)) 

is an equilibrium triangulation of with /o (^ f+j+l ) = 7+10 + 6 + 6 + 3 + 5 = 37. 

Question 6.19. Find an equilibrium triangulation of M(T*,£) when |fc|, \£\ > 4. 

7 Equilibrium triangulations of quasitoric 4-manifolds over 
hexagons: 

Let 7 r : M —> P be a 4-dimensional quasitoric manifold over the hexagon P = I/j ■ ■ ■ V§Vi 
and £ : {E 1 V 2 ,..., + 5+65 E+ 6 } —> Z 2 be a characteristic function on P. By the definition 
of characteristic function, we may assume £(+ 1 + 2 ) = (—1,0) and £( 12 + 3 ) = (0,-1). So, 
£(V 3 V 4 ) = (1 ,k) and £(+iV6 ) = (7, 1) up to sign of characteristic vectors for some £,k £ Z. 
Let £( 1 / 4 + 5 ) = (+ b) and £(+ 5 + 6 ) = (c, d ). Then, c — £d = ±1, ad —be = ±1 and ak — b = ±1. 
We choose the characteristic vectors such that 

{(1 ,k),{a,b)}, {(a, b), (c, d)}, and {(c, d), (7, 1)} 

form a positively oriented basis. Then 

b — ak = 1 , ad — be = 1 , and c — d£ = 1. (7-1) 

In this section, we consider the rectangular subdivision of hexagon as in Figure El When 
P is a heptagon there are many characteristic functions of it. We study equilibrium trian¬ 
gulation of M = M(P , £) whose characteristic functions are given in the Figure El For the 
characteristic function of Figure El by Orlik and Reymond |QR 70j . we have 

n-^CiOCi+i) + S 3 + 7 t _ 1 (C'iOC' 6 ) for 1 < i < 5, 

7r _ 1 (C , iOC' 3 ) = ^(fc,l), vr _ 1 (CiOC 4 ) = L(b,a), 7 r _ 1 (C'iOC , 5 ) “ L(d,c), 

Tr- 1 {C 2 OC 4 ) = L{a,b), 7r-\C 2 OC 5 ) = L(c,d), ir~\C 2 OC 6 ) ^ L(£A), 

7 r _ 1 (C , 3 OC , 5 ) = L{ck - d, 1), n-^CsOCe) = L(k£ - 1,7), TT^CiOCe) = L(a - 67,1). 
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7.1 Characteristic functions of hexagon. 

In this subsection, we compute all characteristic functions (see Figure [ 6 ]) of hexagon when 
— 1 < £ < 1, —3 < k < 3 and —3 < a, c < 3. 

• If (k,£) = (—3, 0), then b = —3a + 1, c = 1 and ad — b = 1. So, a(d + 3) = 2. Thus, 
(■ a,b,d ) = (1,— 2, — 1), (—1,4,—5), (2,—5,—2), (—2,7,—4). In this case, complete 
characteristic functions are given by (a, b, c, d) = (1, —2,1, —1), (2, —5,1, —2). 

• If (k,£) = (—2,0), then b = —2a + 1, c = 1 and ad — b = 1 . So, a(d + 2 ) = 2 . 

Thus, ( a,b,d ) = (1,—1,0), (—1,3,—4), (2,—3,-1), (—2,5,—3). In this case, complete 
characteristic functions are given by (a, b, c, d) = (1, —1,1, 0), (2, —3,1, —1). 

• If (k,£) = (—1,0), then b = —a + 1, c = 1 and ad — b = 1. So, a(d + 1) = 2. 

Thus, ( a,b,d ) = (1,0,1), (—1,2,—3), (2,—1,0), (—2,3,—2). In this case, complete 
characteristic functions are given by (a, b, c, d) = ( 1 , 0 , 1 , 1 ), ( 2 , — 1 , 1 , 0 ). 

• If (k,£) = (0,0), then b = 1 , c = 1 and ad = 2 . So, (a,d) = (1,2), (— 1 , 2 ), ( 2 , 1 ), 
(-2,-1). In this case, complete characteristic functions are given by ( a,b,c,d ) = 
( 1 , 1 , 1 , 2 ),( 2 , 1 , 1 , 1 ). 

• If ( k ,£) = (1,0), then 6 = a + 1, c = 1 and ad — b = 1. So, a(d — 1) = 2. Thus, 
(■ a,b,d ) = (1,2,3), (—1,0, —1), (2,3,2), (—2,1,0). In this case, complete characteristic 
functions are given by (a, b, c, d) = (1, 2,1, 3), (2, 3,1, 2). 

• If (k,£) = (2,0), then b = —2a + 1, c = 1 and ad — b = 1. So, a(d — 2 ) = 2 . 

Thus, ( a,b,d) = (1,3,4), (—1,—1,0), (2,5,3), (—2,—3,1). In this case, complete 

characteristic functions are given by (a, b , c, d) = (1,3,1,4), (2, 5,1, 3). 

• If (k,£) = (3,0), then b = 3a + 1, c = 1 and ad — b = 1. So, a(d — 3) = 2. Thus, 
(■ a,b,d ) = (1,4,5), (—1,—2,1), (2,7,4), (—2,—5,2). In this case, complete character¬ 
istic functions are given by (a, b, c, d) = (1,4,1, 5), (2, 7,1,4). 
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• If (k, i) = (—3, —1), then b = —3a + 1, c = —d + 1 and ad — be = 1. So, ad — (—3a + 
1 )(—d + 1) = 1. This implies, d = 1 + 2 a a • One can show that d € Z if and only if 
a = 0,1. Therefore, (a, 6 , c, d) = (0,1, —1,2), (1, —2,0,1). Both of them give complete 
characteristic function on P. 

• If ( k , £) = (—2, —1), then b = —2a + 1, c = — d + 1 and ad — be = 1. This implies, 
ad — (2a — 1 )(d — 1) = 1. So, (1 — a)(d — 2) = 0. Thus, a = 1 or d = 2. In this 
case, the complete characteristic functions are given by ( a,b,c,d ) = (1,-1,— 3,4), 
( 1 ,- 1 ,- 2 ,3), ( 1 ,- 1 ,- 1 , 2 ), ( 1 ,- 1 , 0 , 1 ), ( 1 ,- 1 , 1 , 0 ), ( 1 ,- 1 , 2 ,- 1 ), ( 1 ,- 1 ,3,- 2 ), 
(-3, 7,-1,2), (-2, 5,-1,2), (-1,3,-1,2), (0,1,-1,2), (2,-3,-1,2), (3,-5,-1,2). 
We construct an equilibrium triangulation of the complex projective surfaces when 
( a,b,c,d ) = (1, —1, —3,4), (3, —5, —1, 2) in Example 17.181 and 17.191 Other cases are 
similar. 

• If (k,£) = (—1, —1), then b = —a+1, c = — d+1 and ad—be = 1. So, ad— (a— l)(d—1) = 
1. This implies, a + d = 2. Thus, d = 2 — a and c = a — 1. In this case, complete char¬ 
acteristic functions are given by (a, b, c, d) = (a, —a + 1, a — 1, 2 — a) = (—3,4, —4, 5), 
(-2,3,-3,4), (-1,2,-2, 3), (0,1,-1,2), (1,0,0,1), (2,-1,1,0), 3,-2, 2,-1. We con¬ 
struct an equilibrium triangulation of the complex projective surface when (a, b, c, d) = 
(—2,3,—3,4) in Example 17.201 Other cases are similar. 

• If (k,£) = (1, —1), then b = a+1, c = —d+1 and ad —be = 1. So, ad+(a+l)(d— 1) = 1. 

This implies, d = One can show that d € Z if and only if a = —2,—1,0,1. 

Therefore, (a, b, c, d) = (—2,—1,1,0), (—1,0,2,-1), (0,1,—1,2), (1,2,0,1). In this 
case, complete characteristic functions are given by (a, b, c, d) = ( 0 , 1 , — 1 , 2 ), ( 1 , 2 , 0 , 1 ). 

• If (k,£) = ( 2 , — 1 ), then b = 2a+l, c = —d+1 and ad—be = 1. So, ad+(2a+l)(d—1) = 
1. This implies, d = ||±y. One can show that d € Z if and only if a = —1,0,1. 
Therefore, (a, 6 , c, d) = (-1,-1,1,0), (0,1,—1,2), (1,3,0,1). In this case, complete 
characteristic functions are given by (a, b, c, d) = (0,1, —1, 2), (1, 3,0,1). 

• If (k,£) = (3, —1), then b = 3a + 1, c = —d + 1 and ad — be = 1. So, ad + (3a + 

l)(d — 1) = 1. This implies, d = . Therefore, d £ Z if and only if a = 0,1. Thus, 

(a, 6 , c, d) = (0,1,—1,2), (1,4, 0,1). Both of the give complete characteristic function 
on P. 

• If (k,£) = (—3,1), then b = —3 a + 1, c = d + 1 and ad — be = 1. So, ad — (—3 a + 

l)(d + 1) = 1. This implies, a = Therefore, a € Z if and only if d = —2. Thus, 

(a,b,c,d) = ( 0 , 1 ,- 1 ,- 2 ). 

• If (. k ,£) = (— 2 , 1 ), then b = — 2 a+l, c = d+1 and ad—be = 1. So, ad— (—2a+l)(d+l) = 
1. This implies, a = gj+ir One can show that a £ Z if and only if d = 0, —2. Therefore, 
(a, b, c, d) = (1,-1,1,0), (0,1,-1,-2). 

• If ( k ,£) = (1,1), then b = a + 1, c = d + 1 and ad — bc= 1. So, ad — (a + l)(d+ 1) = 1. 
This implies, d = —a — 2. Therefore, (a, b, c , d) = (a, a + 1, —a — 1, —a — 2). 

• If (£;,£) = ( 2 , 1 ), then b = 2a + l, c = d+1 and ad—be = 1. So, ad— (2a + l)(d+l) = 1. 
This implies, (d + 2)(a + 1) = 0. Therefore, if a = — 1 then b = — 1 and d = c — 1 and 
if d = —2 then c = —1 and b = 2 a + 1 . 
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• If (k, £) = (3,1), then b = 3a +1, c = d+ 1 and ad —be = 1. So, ad— (3a + l)(d+1) = 1. 
This implies, —d = 1 + %a+i ■ Thus, d E Z if and only if a = 0,-1. Therefore, 
(a, b, c, d) = ( 0 , 1 , — 1 , — 2 ), (- 1 , - 2 , 0 ,- 1 ). 

Remark 7.1. For the last five cases there are no complete characteristic function. 

Lemma 7.2. Let Mi and M 2 be quasitoric manifolds over the hexagon such that corre¬ 
sponding (k,£) are (— 1 , 0 ) (or ( 1 , 0 ) or ( 1 ,— 1 )) and ( 0 ,- 1 ) (or ( 0 , 1 ) or (— 1 , 1 )) respec¬ 
tively. Then, M\ and M 2 are 5-equivariantly homeomorphic where 6 is the automorphism of 
T 2 obtained by flipping the coordinates. Moreover, this homeomorphism induces a bijective 
correspondence between the equilibrium triangulations of M\ and M 2 . 

Proof. Consider the reflection of the hexagon which fixes V 2 and V 5 . Then, the first claim 
of the lemma follows from Proposition 12.41 and Equation (17.11) . Since the automorphism 5 
of T 2 interchange the coordinates of T 2 , the d-equivariant homeomorphism preserves the 
equilibrium set, zones of influence and the boundary of zones of influence. So, the second 
claim follows. □ 

7.2 Nonsingular projective surfaces over hexagon 

Under the assumption of subsection 17. II the following examples are possible non-equivariant 
complex projective surfaces over the hexagon (except when 

(a,c,k,£) € {(1,1,3,0), (-3,-1,-2,-1), (-3,-4,-1,-1), (0,-1, 3,-1), (1,0, 3,-1)}). 

The corresponding characteristic functions in examples below are complete. Therefore, by 
Proposition 12.91 the associate quasitoric manifolds are projective surfaces. The examples 
respect the ordering of Subsection l7.ll We recall the number of vertices of solid tori of Section 
El By Example [3Tl / 0 (Tj) = fo(T) = 7 if 1 < i < 3. By Example [331 fo(Tj, n ) = /o(T) + 2 
if 1 < j < 3,0 < n < 6 and /o(7y n ) = /o(T) + 3 if 1 < j < 3, n > 7. By Example 13.81 
fo{Tj, n ) = /o(T) +10 if 4 < j < 6 , n > 0 . By Example [3T3J fo(T j>n ) = / 0 (T) + 6 if 7 < j < 9 
and n > 0 . 

Example 7.3. Let ( k,£ ) = (—3,0), (a, 6 ) = (1,-2) and (c, d) = (1,-1). Then, L(k, 1) = 
L(—3,1) ^ L(3,1), L(b,a ) = L{- 2,1) ^ MP 3 , L{d,c) = L(- 1,1) ^ S 3 , L{a,b) = 
L(l, —2) = S 3 , L(c,d) = L(l,—1) = S 3 , L(£,l) = L(0,l) ^ S 1 x S 2 , L(ck - d, 1) = 
L(—2,1) = MP 3 , L(£k- 1,£) = L{- 1,0) = S 3 and L(a-b£, 1) = L(l,l) ** S 3 . 

Consider triangulations T-jq for 7 r _ 1 (CiO), T\ for 7 r _ 1 (C 20 ), T 8i o for 7 r _ 1 (C 30 ), T 2 for 
7 T —1 (C 4 O), T 3 for 7 T —1 (C 5 O) and T\ j for tt^ 1 (CqO). Then, by Remark 13.21 Lemma 13.41 arid 
Corollary 13.151 we get that T^o U Ti, T\ U 0 , Ts,o U T 2 , T 2 U T 3 , T 3 U T\j, T\ j U 
T 8j0 triangulate 7 t-\C 1 OC 2 ), ’tt -\C 2 OC 3 ), ^{C^OC^ tt ” 1 (CROC's), ir- { (C 5 OC 6 ), 
M 1 (C\OCq) respectively and T^oUT^o, T^UTT T^oUTT T 1 UT 2 , T 1 UT 3 , TiUTij, Tg.oU 
T 3 , T 8 i 0 UTi, 7 , T 2 UTi , 7 triangulate ^HCiOCa), Ti-^CiOCi), tt" 1 ^ OC 5 ), ir^^OCi), 
7 r —1 (C 2 OC 5 ), 7 r _ 1 {C 2 OCq), vr-^CgOCs), tt " 1 (CROC's), 7 t~\C 4 OC 6 ) respectively. Now 
consider the cone 7 r _ 1 (ij) over 7 r _ 1 (C'i_iOC'j) for 1 < i < 6 (addition is modulo 6 ). This 
implies that 

T[ 773 l =(V 2 * (T 7j0 U Ti)) U (V 3 * (Ti U T 8i0 )) U (V 4 * (T 8j0 U T 2 ) 

U (V5 * (T 2 U T3)) U (Ve * (T3 U Tij)) U (Ui * (Tp7 U T 8 i q)) 
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is an equilibrium triangulation of the corresponding projective surface M with ,/'o(^ f77gj ) = 
7 + 3 + 6 + 6 + 6 = 28. 

Example 7.4. Let (k,£) = (—3,0), (a, b) = (2,-5) and (c, d) = (1,-2). Then, L(k, 1) = 
L(—3,1) “ L(3,1), L(b,a ) = L(-5,2) ^ L(5,2), L(d,c) = L(- 2,1) ^ MP 3 , T(a, 6 ) = 
L(2,-5) = MP 3 , L(c,d) = L{ 1,-2) “ S 3 , T(£,l) = L(0,1) “ S 1 x S 2 , L(ck - d, 1) = 
L(—1,1) = S 3 , L{£k-l,£) = L(- 1,0) = S 3 and L(o - bt, 1) = L(2,1) = MP 3 . 

Consider triangulations Tg,o for 7 r _ 1 (CiO), T 3 for 7 r _ 1 (C , 20 ), T^o for 7 r” 1 (C , 30 ), T^o for 
7 r _ 1 (C , 40 ), Ti for 7 r _ 1 (C 50 ) and T 17 for 7r _1 (C , 60). Similarly, as in Example 17.31 we can 
show that 


%a -(V2 * (^ 9,0 U T3)) U (V3 * (T3 U T 7 5 o)) U (V4 * (TV ; o U T 4 i o) 

U (V5 * (T4 0 U Tj)) U (E 6 * (Ti U 13,7)) U (Ei * (T3J U Tg 0)) 

is an equilibrium triangulation of the corresponding complex surface M with /o(^ f7^j ) = 
7 + 3 + 10 + 6 + 6 + 6 = 38. 

Example 7.5. Let (k,£) = (—2,0), (a, b) = (1,-1) and (c,d) = (1,0). Then, L(k, 1) = 
L(—2,1) 2* MP 3 , L(b, a) = L(-1,1) “ S 3 , T(d, c) = L(0,1) “ S 1 x S 2 , T(a, 6) = T(l, -1) “ 
S 3 , L(c,d) = T(1,0) = S’ 3 , T(£,l) = L(0,1) + S 1 x S' 2 , L(ck — d,l) = L(—2, 1) = MP 3 , 
L(£k - 1,7) = L(—1,0) + S 3 and L(o - M, 1) = T(l,l) = S 3 . 

Consider triangulations T2 for 7r _1 (CiO), T3 for 7r _1 (C , 20), TVjj for 7 t _1 (C30), Ti for 
7r _1 (C , 40), T 2 j for 7r _1 (C'50) and T 3 j for ^^(CgO). Similarly, as in Example 17.31 we can 
show that 


A rrrn =( e 2 * (t 2 u t 3 )) u ( v 3 * (t 3 u t 7j0 )) u (14 * (t 7)0 u Ti) 

U (V 5 * (Ti U T 2J )) U (E 6 * (T 2 ,7 u T 3 , 7 )) U (El * (T 3)7 U T 2 )) 

is an equilibrium triangulation of the corresponding nonsingular projective surface M with 
/o(^L 5 j) = 7 + 6 + 3 + 3 + 6 = 25. 

Example 7.6. Let (k,£) = (—2,0), (a, b) = (2,-3) and (c,d) = (1,-1). Then, L(k, 1) = 
L(—2,1) “ MP 3 , L(b, a) = L(- 3,2) “ T(3,1), L(d,c ) = T(-l,l) “ S 3 , L(a,6) = 
L(2, —3) = MP 3 , L{c,d) = L(l,—1) = S 3 , L(£, 1) = L(0,1) + S 1 x S' 2 , L{ck - d, 1) = 
L(—1,1) “ S 3 , L(£k-1,£) = L{- 1,0) “ S 3 and L{a-b£, 1) = L(2,1) = MP 3 . 

Consider triangulations T 7 .q for 7 r _ 1 (C'iO), T 3 for 7 r _ 1 (C 20 ), T 2 for 7 r _ 1 (C , 30 ), Tg.o for 
7 r _ 1 (C , 40 ), Ti for 7 r _ 1 (C 50 ) and T 3j 7 for 7r _ 1 (C , 60). Similarly, as in Example 17.31 we can 
show that 


T [77il — (E * (T 7i o U T3)) U (E3 * (T3 U T 2 )) U (E4 * (T 2 U Ts,o) 

u (Es * (T 8i 0 U Ti)) U (E 6 * (Ti U T 3J )) U (El * (T 3 , 7 U T 7 , 0 )) 

is an equilibrium triangulation of the corresponding nonsingular projective surface M with 
/oPfcgj) = 7 + 6 + 6 + 3 + 6 = 28. 

Example 7.7. Let ( k ,£) = (—1,0), (a, b) = (1,0) and (c,d) = (1,1). Then, L(k, 1) = 
L(—1, 1 ) = S' 3 , L(b,a) = T(0,1) “ S 1 x S 2 , L{d, c) = L(l, 1) “ 5 3 , L(o, 6 ) = L(l, 0) “ S 3 , 
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L(c,d) = L( 1,1) + S 3 , L{£, 1) = L(0,1) + S 1 x S 2 , L(ck - d,l) = £(-2,1) “ MP 3 , 
L{£k- 1J) = £(-1,0) = S 3 and L(a-b£, 1) = £(1,1) = S 3 . 

Consider triangulations Ti for 7r _1 (CiO), £3 for 7r _1 (C20), £2 for 7r _1 (C'30), £7 for 
7r _1 (C , 40), £7,0 for 7T —1 (C5O) and £3.7 for 7r” 1 (C , 60). Similarly, as in Example 17.31 we can 
show that 

=(V 2 * (£ u £3)) u (E 3 * (£ u £2)) u (14 * (£2 u £,7) 
u ( V 5 * (£1,7 u £7,0)) u (E 6 * (£7,0 u £3,7)) u (El * (£3,7 u £1)) 

is an equilibrium triangulation of the corresponding nonsingular projective surface M with 
./o(%77l) = 7 + 3 + 6 + 3 + 6 = 25. 

Example 7.8. Let (££) = (—1,0), ( a,b ) = (2,-1) and (c, d) = (1,0). Then, L(k, 1) = 
£(—1,1) = S' 3 , L(b, a) = £(—1,2) = S 3 , L{d, c) = £(0,1) = 4 1 x S 2 , £(o, 6) = £(2,-1) = 
MP 3 , L(c,d) = £(1,0) = S' 3 , £(£,1) = £(0,1) + S 1 x 4 2 , L(cfe - d, 1) = £(-l, 1) + 5 3 , 
L(£k-1,£) = £(—1,0) = S 3 and L(a-b£, 1) = £(2,1) = MP 3 . 

Consider triangulations £3 for 7r _1 (C , iO), £2 for ^^(C^O), £1 for 7r _1 (C , 30), £7,0 for 
7r _1 (C , 40), £3,7 for 7t _1 (C , 50) and £2,7 for ^^(CgO). Similarly, as in Example 17.31 we can 
show that 

^T5l = (V2 * (£3 u £2)) u (E 3 * (£2 u £)) u (14 * (£1 u £7,0) 

u (E 5 * (£7,0 U £3,7)) u (14 * (£3,7 u £2,7)) u (El * (£2,7 U £3)) 

is an equilibrium triangulation of the associated nonsingular projective surface M with 
/oPfcgj) = 7 + 6 + 3 + 3 + 6 = 25. 

Example 7.9. Let ( k ,£) = (0,0), (a, 6) = (1,1) and (c, d) = (1,2). Then, L(k, 1) = 
£(0,1) + S 2 x 5 1 , £(&, a) = £(1,1) = S 3 , £(d, c) = £(2,1) = MP 2 , £(a, 6) = £(1,1) “ 4 3 , 
£(c, d) = £(1,2) + S 3 , L(£, 1) = £(0,1) + S 1 x S 2 , £(dfe - d, 1) = £(-2,1) + MP 3 , 

L{£k - 1, -£) = £(—1,0) = S 3 and L(a - b£, 1) = £(1,1) = S 3 . 

Consider triangulations £1 for 7r _1 (C'iO), £3 for tt~ 1 (C20), £ij for tt~ 1 (CsO), £2 for 
7T —1 (C4O), £9,0 for vr^ 1 (C5O) and £37 for Tt~ l {C§ 0 ). Then, by Remark 13.21 and Lemma 
13.41 and Corollary 13.151 we get that £1 U £3, £3 U £^7, £77 U £2, £2 U £9,0, £9,0 U £3,7, 
£3, 7 U£i triangulate k~ 1 {C 1 OC 2 ), tt" 1 (CROC's), tt^(C gOci), tt” 1 (CROC's)^(CsOCs), 
vr _1 (C'iOC , 6) respectively and £iU£l )7 , £iU£ 2 , £iUr 9 , 0l £sU£ 2 , £ 3 U£ 9 ,o, £ 3 U£ 3i7 , £l j7 U 
£9,0, £1,7U£ 3 ,7, £2U£ 3j7 triangulate 7r _1 (CiOC' 3 ), -k~ 1 {CiOC^), 7r —1 (C'iOC' 5 ), 7r _1 (C20C4), 
7 t — 1 (C2OC5), vr-^CaOCe), 7r- 1 (C' 3 OC , 5 ), 7r- 1 (C , 3 OC , 6 ), ^(CiOCk) respectively. Now 
consider the cone 7r _1 (ij) over 7r _1 (C'i_iOC'j) for 1 < * < 6 (addition is modulo 6). This 
implies that 

^ 17771 =(l / 2 * (£1 U £3)) U (E 3 * (£3 U £1,7)) U (14 * (£1,7 U £2) 

u (E 5 * (£2 U £9,0)) u (E 6 * (£9,0 U £3,7)) U (El * (£3,7 u £1)) 

is an equilibrium triangulation of the corresponding nonsingular projective surface M with 
/o(%TJl) = 7 + 3 + 6 + 3 + 6 = 25. 

Since the minimum number of vertices require for a triangulation of S' 1 x S 2 is 10 
(cf. |BD08| h any triangulation of 7t _1 (CROC's), tt~ 1 (C20C§), 

7r _1 (CROC's) and -K~ l {C/iOC^) needs 10 vertices. This implies that A jyij] is a vertex minimal 
equilibrium triangulation of M. 
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Example 7.10. Let (k, €) = (0,0), (a, b ) = (2,1) and (c, d) = (1,1). So, L(k , 1) = T(0,1) = 
S 2 x S\ L(b,a) = L( 1,2) =* S 3 , L(d,c) = T(l, 1) + S 3 , T(a,6) = L(2,1) + MP 3 , 
L(c, d) = L( 1,1) + S 3 , L(£, 1) = T(0,1) =* S 1 x S 2 , L(ck - d, 1) = L(-l,l) = S 3 , 
L(£k - 1, -£) = L(—1,0) = S 3 and T(a - M, 1) = T(2,1) = MP 3 . 

Consider triangulations T\ for 7 r - 1 (C'iO), T 2 for tt~ 1 (C20), T j for 7 r _ 1 (C , 30 ), T 7j o for 
7 r _1 (C 4 O), T 3 for 7 r —1 (C 5 O) and T 2 , 7 for 7r _ 1 (C , 60). Similarly, as in Example 17.91 we can 
show that 


^ 7 M=(V 2 * {T\ U T2)) U (E 3 * (T 2 U T 1>7 )) U (V4 * (Tij U T 7j 0) 

u (E 5 * (T 7> 0 U T 3 )) U (Eg * (T 3 U T 2;7 )) U (Vi * (T 2 , 7 U Ti)) 

is an equilibrium triangulation of the corresponding nonsingular projective space M with 
/o(%TOl) = 7 + 3 + 3 + 6 + 6 = 25. 

Example 7.11. Let (k,£) = (1,0), (a, b) = (1,2) and (c,d) = (1,3). Then, L(k, 1) = 
L(l, 1) — S 3 , L(b, a) = L(2, 1) = MP 3 , L(d,c) = L( 3,1), L(o, 6) = L(l, 2) + S 3 , L(c,d) = 
L( 1, 3 ) + S 3 , L(£, 1) = T(0,1) + S 1 x S 2 , L(cfe - d, 1) = L(-2,1) + MP 3 , L(£k - 1, -£) = 
L(-1,0) = S 3 and L(o - bt, 1) = T(l, 1) + S 3 . 

Consider triangulations T 7) o for 7r -1 (CiO), Ti for 7r _1 (C , 20), T3 for 7r“ 1 (C , 30), T 2 for 
7T _1 (C4O), Tg^o for 7T —1 (C5O) and Ti j7 for 7 r _1 (C 60 ). Similarly, as in Example 17.91 we can 
show that 


^ 7,111 =( E> * (T 7j0 U Ti)) U (E 3 * (Ti U T 3 )) U (V4 * (T 3 U T 2 ) 

U (V5 * (T 2 U T^o)) U (+6 * (Tg^ U Ti i7 )) U (VV * (Tij U T 7 i o)) 

is an equilibrium triangulation of the corresponding nonsingular projective surface M with 
./o(%m) = 7 + 6 + 6 + 3 + 6 = 28. 

Example 7.12. Let (k,£) = (1,0), (a, b) = (2,3) and (c, d) = (1,2). Then, L(k, 1) = 

T(1,1) = S 3 , L(b, a) = T(3, 2) = L(3,1), L(d, c) = L(2,1) = MP 3 , L(a, b) = T(2,3) = MP 3 , 

L(c,d) = T(l, 2) + S 3 , T(7,l) = L(0,1) + S 1 x S 2 , L(ck - d, 1) = T(-l,l) + S 3 , 

L(tk - 1, -£) = L(—1,0) = S 3 and L(a - b£, 1) = L( 2,1) = MP 3 . 

Consider triangulations T 2 for 7 r _ 1 (CiO), T 3 for 7 r _ 1 (C , 20 ), Ti for 7 r _ 1 (C' 3 0 ), T 4j o for 
vr _ 1 (C , 40 ), T 7j 0 for 7 r _ 1 (C 50 ) and T 3 J for vr^^CgO). Similarly, as in Example 17.91 we can 
show that 


^ 17.121 =(Vz * (T 2 U T 3 )) U (V3 * (T 3 U Ti)) U (V4 * (Ti U T 4)0 ) 

U (E5 * (T 4i0 u T 7 i 0)) u (Vg * (T 7j o u T 3)7 )) U (El * (T 3 J u t 2 )) 

is an equilibrium triangulation of the corresponding nonsingular projective surface M with 
/o(%T2l) = 7 +10+ 6 + 3 + 6 = 32. 

Example 7.13. Let (k,£) = (2,0), (a, b) = (1,3) and (c, d) = (1,4). Then, L(k, 1) = 
L(2,1) + MP 3 , L(b, a) = L( 3,1), L(d,c) = T(4,l), L(a,b ) = L(l,3) = S 3 , L(c,d ) = 
T(l, 4) + 5 3 , T(£, 1) = T(0,1) + 5 1 x S 2 , L(ck - d, 1) = T(-2,1) + MP 3 , L(tk - 1 ,£) = 
L(—1,1) + 5 3 and L(o - b£, 1) = T(l, 1) + S 3 . 
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Consider triangulations T 7) o for 7 r _ 1 (CiO), T 3 for n~ 1 (C 20 ), T 2 for 7 r _ 1 (C , 30 ), T 9j o for 
vr _ 1 (C' 40 ), 0 for 7 r _ 1 (C , 50 ) and T^j for 7 r~ 1 (C , 60 ). Similarly, as in Example 17.91 we can 

show that 

A I7.13I = ( V ^ * (^ 7,0 U T 3 )) U (V 3 * (T 3 U T 2 )) U (V 4 * (T 2 U t 9i0 ) 

u (e 5 * (t 9i0 u t 6j0 )) u (e 6 * (r 6t0 u t 3i7 )) u (Vi * (t 3i7 u t 7i0 )) 

is an equilibrium triangulation of the corresponding nonsingular projective surface M with 
/o(%qa| = 7 + 6 + 6 +10+ 3 + 6 = 38. 

Example 7.14. Let (k,£) = (2,0), (a, 6) = (2,5) and (c,d) = (1,3). Then, L(k, 1) = 
L(2,1) + MP 3 , L(b,a) = L(5,2), L(d,c) = T(3,l), L(a,b) = L( 2,5) = MP 3 , L(c,d) = 
T(l, 3) = S 3 , L(C1) = L(0,1) + S 1 x S 2 , L(c/c - d, 1) = T(-l,l) = S 3 , T(7£: - 1,/) = 
L(—1,0) = S 3 and L(a - bl, 1) = T(2,1) = MP 3 . 

Consider triangulations T 4) o for 7 r _ 1 (C'iO), Ti for 7 t^ 1 (C' 2 0 ), T 3 for 7 r _ 1 (C , 30 ), T 9j o for 
vr _ 1 (C 40 ), T 2 for 7 r _ 1 (C 50 ) and Ti )7 for tt~ 1 (CqO). Similarly, as in Example 17.91 we can 
show that 

T |7 | || =(E 2 * (T 4i0 U Ti)) U (V 3 * (T\ U T 3 )) U (E 4 * (T 3 U T 9j0 ) 

U (V 5 * (T 9j o u T 2 )) U (Vq * (T 2 U Ti j7 )) U (Ei * (Ti j7 u t 4 i o)) 

is an equilibrium triangulation of the corresponding nonsingular projective surface M with 
fo(^TUi) = 7 +10+ 6 + 3 + 6 = 32. 

Example 7.15. Let (k, £) = (3,0), (a, b ) = (2, 7) and (c, d) = (1,4). Then, L(k , 1) = L{ 3,1), 
L(b, a) = L{ 7,2), L(d,c) = L(4,1), L(o,6) = L( 2,7) + MP 3 , L(c,d) = L(l,4) + S 3 , 
L(£, 1) = L( 0,1) + S 1 x S 2 , L(cfc - d, 1) = L(— 1,1) + S 3 , L{k£ - 1 ,£) = L(-l, 0) + S 3 
and L(a — b£, 1) = L( 2,1) = MP 3 . 

Consider triangulations X 3.0 for 7 r _ 1 (C'iO), T 2 for 7 t^ 1 (C' 2 0 ), T 3 for 7 r _ 1 (C , 30 ), Tg.o for 
7 r _ 1 (C , 40 ), T 9i o for 7 r _ 1 (C 50 ) and T 2 j for , k~ 1 {CqO). Similarly, as in Example 17.91 we can 
show that 

%.15I =( V 2 * (X^o U T 2 )) U (E 3 * (T 2 U T 3 )) U (L 4 * (T 3 U t 6i0 ) 

U (V 5 * (T 6i o u T 9 i o)) u (+6 * (T 9j o u T 2>7 )) U (El * (X 2>7 u t 5j0 )) 

is an equilibrium triangulation of the corresponding nonsingular projective surface M with 
/o(%T5l) = 7 + 10 + 10 + 6 + 3 + 6 = 42. 

Example 7.16. Let ( k ,£) = (-3,-1), (a, 6) = (0,1) and (c,d) = (—1,2). So, L(k, 1) = 
X(—3,1) = T(3,1), L(b,a) = L(1,0) + S 3 , L(d, c) = T(2, —1) = MP 3 , L{a,b) = L{ 0,1) = 
S 1 x S 2 , X(c,d) = L(-l,2) + S 3 , L(7,1) = L(—1,1) = S 3 , L(ck — d, 1) = T(l, 1) = S’ 3 , 
L{£k-lJ) = L(2, —1) = MP 3 and T(a - W, 1) = T(l, 1) + S 3 . 

Consider triangulations T 7i o for 7 r _ 1 (C'iO), Ti j7 for tt~ 1 (C 2 0), Tg^ for 7 r _ 1 (C' 3 0 ), Ti for 
7 r _1 (C 4 O), T 2 for tt~ 1 {C§0) and T 3 for 7 t _ 1 (C 60 ). Similarly, as in Example l7.91 we can show 
that 

^7.161 = (^2 * (7V,o U Ti j7 )) U (E 3 * (Ti ;7 U Tg^)) U (E 4 * (Tg ; o U Ti) 

U (E 5 * (Ti U T 2 )) U (E 6 * (T 2 U T 3 )) U (Ei * (T 3 U X 7 , 0 )) 

is an equilibrium triangulation of the corresponding surface with ^fo (^fTTTBl) = 7 + 6 + 3 + 
6 + 6 = 28. 
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Example 7.17. Let (k,£) = (—3,-1), (a,b) = (1,-2) and (c,d) = (0,1). Then, L(k, 1) = 
T(—3,1) = T(3,1), L(b, a) = T(—2,1) = MP 3 , L(d, c) = T(l, 0) “ S 3 , L(a,b) = L( 1,-2)“ 
S 3 , L(c,d) = T(0,1) = 5 1 x 5 2 , L(*, 1) = T(-l, 1) =* S 3 , L(cfc - d, 1) = T(-l, 1) + S 3 , 
L{£k-l,£) = L{ 2,-1) = MP 3 and T(a - M, 1) = T(-l,l) “ S 3 . 

Consider triangulations T 7 q for 7r _1 (C'iO), Ti 7 for 7r _1 (C , 20), T 8j0 for 7r _1 (C , 30), T 2 for 
7T _1 (C4O), Ti for 7r _1 (C , 50) and T3 for 7 t _ 1 (C60). Similarly, as in Example 17.91 we can show 
that 


^ 17,171 — (E 2 * {T 7 fi U Tij)) U (E 3 * (Tij U T 8i o)) U (V4 * (T 8j 0 U T 2 ) 

U (V5 * (T 2 U Ti)) U (E 6 * (Ti U T 3 )) U (Vf * (T 3 U T 7 , 0 )) 

is an equilibrium triangulation of the corresponding projective surface M with ,/o(^ 7 .l 7 l) = 
7 + 6 + 3 + 6 + 6 = 28. 

Example 7.18. Let (&:,£) = (-2,-1), ( 0 , 6 ) = (1,-1) and (c, d) = (—3,4). Then, L(k, 1) = 
T(—2, 1) + MP 3 , L(b, a) = L(- 1,1) + S 3 , T(d,c) = T(4,-3) + T(4,l), L(a, 6 ) = 

T(l, —1) = S' 3 , L(c,d) = T(—3,4) = T(3,1), T(£, 1) = T(-l, 1) = S 3 , L(cfc - d, 1) = 
T(2,1) = MP 3 , L(£k-1,£) = L( 1,-1) =* S 3 and L(o-W,l) = T(0,1) = S 1 x S 2 . 

Consider triangulations T 4.0 for 7 r _ 1 (C'iO), T 7j o for 7 r _ 1 (C 2 0 ), T 3 for 7 t _ 1 (C 30 ), Ti for 
7 r _ 1 (C , 40 ), T 8j o for tt~ 1 {C^O) and Ti >7 for ^^(CgO). Similarly, as in Example 17.91 we can 
show that 


^ 7,181 =(Vz * (^4,0 U T 7j 0)) U (V3 * (T 7)0 U T 3 )) U (V4 * (T 3 U Ti) 

U (V5 * (Ti U T 8 i o)) U (Vfj * (T 8i o U Ti )7 )) U (Ei * (Tjj U T^0)) 

is an equilibrium triangulation of the corresponding projective surface with ,/o (^7.1 8 1) = 
7+10 + 6 + 6 + 3 + 6 = 38 . 

Example 7.19. Let (k,£) = (-2,-1), (a, 6) = (3,-5) and (c, d) = (—1,2). Then, L(k, 1) = 
L(—2,1) + MP 3 , L(b, a) = L(- 5,3) + L(5,2), L(d,c) = T(2,-l) + MP 3 , L(o,6) = 
T(3, —5) = T(3,1), L(c, d) = T(—1,2) = S' 3 , T(£, 1) = T(-l, 1) = S 3 , L(cfc - d, 1) = 
L(0,1) “ S 1 x S 2 , L{k£-1,£) = T(l,-1) = S 3 and L{a - b£, 1) = T(—2,1) = MP 3 . 

Consider triangulations Tg^ for 7r _1 (C'iO), T 2 for 7r^ 1 (C' 2 0), Ti for 7r _1 (C' 3 0), T4.0 for 
7r _1 (C , 40), Ti j7 for 7r _1 (C , 50) and T 3 for tt~ 1 (CqO). Similarly, as in Example 17.91 we can 
show that 


%+g] =(E 2 * (Tg 0 U T 2 )) U (E 3 * (T 2 U Ti)) U (El * (Ti U T 4i0 ) 

U (V5 * (T 4) o U Ti i7 )) U (Ve * (Ti i7 U T 3 )) U (Ei * (T 3 U Tg ; o)) 

is an equilibrium triangulation of the corresponding projective surface with ,/o(+[ 7.1 q|) = 
7 + 6 + 10 + 3 + 6 = 32 . 

Example 7.20. Let (&,•£) = (-1,-1), (a,b) = (—2,3) and (c,d) = (—3,4). Then, L(k,l) = 
L{- 1,1) “ S 3 , T(6, a) = L(3,-2) “ T(3,l), T(d,c) = L(4, -3) =* L(4,l), T(a,6) = 
T(—2,3) = MP 3 , L(c, d) = T(—3,4) = T(3,1), L(£, 1) = L(-l, 1) =* S 3 , L(ck - d, 1) = 
L(—1,1) =* S 3 , L{k£-lJ) = L{ 0,-1) =* S 1 x S 2 and L{a-b£, 1) = L(l,l) = 5 3 . 
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Consider triangulations T^o for 7r _1 (CiO), T 2 for n~ 1 (C 20 ), T\ for 7r _1 (C , 30), T 7 j for 
vr _1 (C'40), T4 0 for 7r _1 (C , 50) and T\ j for Tt~ l (C§ 0 ). Similarly, as in Example 17.91 we can 
show that 

-^ 17,201 =(^2 * (^8,0 U T 2 )) U (V3 * (T 2 U Ti)) U (V4 * (Xi U T 7i0 ) 

U (V5 * ( T 7i o U X40)) U (Vg * (T4 j o U Tij)) U (Vi * (Tij U T^o)) 

is an equilibrium triangulation of the corresponding projective surface with fo(^ 20 1 ) = 
7 + 6 + 6 + 10 + 3 + 6 = 38 . 

Example 7.21. Let ( k,£ ) = (1,-1), (a, 6) = (0,1) and (c, d) = (—1,2). Then, L(k, 1) = 
L{ 1,1) 2* S 3 , L(b , a) = L( 1,0) ^ S 3 , L(d, c) = L(2, -1) ^ MP 3 , T(a, 6) = T(0,1) ^ S 1 x S 2 , 
T(c, d) = L(- 1,2) = S 3 , T(7,l) = L(—1,1) = S 3 , L(cfc-d,l) = L(-3,1) = T(3,l), 
L(k£- 1,7) = L(-2,-1) = MP 3 and T(a — 67, 1) = L(1,1) “ S 3 . 

Consider triangulations T 3 for ir~ 1 (CiO), Tij for ir~ 1 (C 20 ), T 7i o for T\ for 

vr _ 1 (C , 40 ), Tg^o for 7 r _ 1 (C , 50 ) and T 2 for 7 r _ 1 (C , 60 ). Similarly, as in Example 17.91 we can 
show that 

T |7.21 1 =(^2 * (^3 U Ti j)) U (V3 * (Ti j U Tjo)) U (V4 * (T 7i o U Ti) 

U (V5 * (Ti U Tgfl)) U (Vg * (Tg ’0 U T 2 )) U (Vi * (T 2 U T3)) 

is an equilibrium triangulation of the corresponding projective surface with fo(^ 21 l) = 
7 + 3 + 6 + 6 + 6 = 28 . 

Example 7.22. Let ( k,£ ) = (1,-1), (a, b) = (1,2) and (c, d) = (0,1). Then, L(k, 1) = 
L(l, 1) = S' 3 , L(6, a) = X(2,1) = MP 3 , L(d, c) = T(l, 0) ^ S 3 , L(a, 6) = T(l, 2) ^ S 3 , 
L(c,d) = L(0,1) = S 1 x S 2 , T(7,l) = X(—1,1) = S 3 , L(cfe - d, 1) = L(-l,l) = S 3 , 
L(k£-1,£) =L(- 2,-1) = MP 3 and T(a — 67, 1) = L(3,1). 

Consider triangulations T 3 for 7 r - 1 (CiO), Tij for 7 t^ 1 (C' 2 0 ), T 2 for 7 r _ 1 (C , 30 ), Tg^ for 
7 T _1 (C 4 O), Ti for 7 r —3 (C 5 O) and T 7 q for 7 r _ 1 (C'gO). Similarly, as in Example 17.91 we can 
show that 

- ^7.221 = (foj * (T 3 U Tij)) U (V3 * (Tij U T 2 )) U (V4 * (T 2 U T 8;0 ) 

U (V5 * (Tg t o U X[)) U (Vi * (Ti U T 7; 0)) U (Vi * (T 7i 0 U T3)) 

is an equilibrium triangulation of the corresponding projective surface with /o(^TX 22 l) = 
7 + 3 + 6 + 6 + 6 = 28 . 

Example 7.23. Let ( k ,£) = (2,-1), (a, 6) = (0,1) and (c, d) = (—1,2). Then, L(k, 1) = 
L(2,1) = MP 3 , T(6, a) = T(1,0) = S' 3 , L(d, c) = L(2, —1) = MP 3 , L(a, b) = T(0,1) =* S 1 x 
S 2 , L(c,d) = T(—1,2) = S’ 3 , T(7, 1) = T(—1,1) = S 3 , L(ck - d, 1) = T(-4,1) ^ T(4,1), 
L(k£ - 1,7) = T(—3, -1) = L(3,1) and L(o - 67,1) = L(l, 1) = S 3 . 

Consider triangulations T 3 for 7 r _ 1 (CiO), Tij for 7 t^ 1 (C' 2 0 ), T 8i 0 for T\ for 

7 r _1 (C 4 O), T 4 ,o for 7 T —1 (C 5 O) and X 7) 0 for 7 r~ 1 (C'gO). Similarly, as in Example 17.91 we can 
show that 


7 jj 23 l =( 1 + * (T 3 U Tij)) U (V3 * (Tij U Tg j0 )) U (V4 * (Tg i0 U Ti) 

u (V5 * (Ti U T4 j o)) U (Vg * (T4 j o U T 7i 0)) U (Vi * (T 7i o U T3)) 

is an equilibrium triangulation of the corresponding projective surface with /o(^TL23l) = 
7 + 3 + 6 + 10 + 6 + 6 = 38. 
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Example 7.24. Let (k,£) = (—2,1), (£, 1) = (1,1, (a, b) = (1,-1) and (c,d) = (1,0). 
Then, L(k, 1) = T(-2,1) “ MP 3 , L(b,a) = L(- 1,1) “ S 3 , L(d,c ) = L(0,1) ^ S 1 x S 2 , 
L(a,b) = L(l,—1) = S 3 , L(c,d) = T(1,0) = S 3 , L{£, 1) = L(l, 1) “ S 3 , L(ck - d, 1) = 
L{- 2,1) = MP 3 , L(k£ — 1,£) = L(- 3,1) ^ L(3, 1) and L{a-b£A) = L{ 2,1) “ MP 3 . 

Consider triangulations T 2 for 7 r _ 1 (CiO), Ti for n~ l {C 2 0), T 70 for 7 r~ 1 (C , 30 ), T 3 for 
vr _ 1 (C 40 ), T 27 for 7 r - 1 (C 50 ) and T$ t o for tt^ 1 (CqO). Similarly, as in Example 17.91 we can 
show that 


- ^7.241 = (^2 * (T 2 U Ti)) U (V 3 * (Ti U T 7j0 )) U (V 4 * (T 7j0 U T 3 ) 

U (V 5 * (T 3 U T 2 j7 )) U (V 6 * {T 2 j U Tsfl)) U (Vi * (Tsfl U T 2 )) 

is an equilibrium triangulation of the corresponding projective surface with ./o(^7.24[) = 
7 + 6 + 3 + 6 + 6 = 28. 

Remark 7.25. Since face preserving automorphism of n- gon is given by reflection and 
rotation, by Proposition 12.41 we can see that no two nonsingular projective surfaces in the 
examples of Sections [5j [6] and [7] are equivariantly homeomorphic. But there are equilibrium 
triangulations in these examples which are isomorphic. So, isomorphism of equilibrium 
triangulation does not guarantee equivariant homeomorphism of quasitoric manifolds. 
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